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PREFACE 



The purpose of this Navy Training Course is to aid those enlisted 
men who need a basic knowledge of mathematics to carry out their Navy 
duties. Obviously, to serve the wide variety of ratings needing basic 
mathematics, the text must be general in nature and is not directed, 
therefore, toward any one specific rating. 

The early chapters that contain basic arithmetic have been designed 
to give an insight into the theory behind computational processes. Even 
students who have mastered ba 3 ic arithmetic rules should find these 
chapters interesting and useful. 

Beginning with chapters on number systems and positive and negative 
whole numbers, the course continues with discussions of fractions, deci- 
mals and percents, exponents, and radicals. Following these topics are 
chapters concerning common logarithms and the slide rule, algebraic 
fundamentals, and factoring of polynomials. 

Linear equations in one variable and in two variables are discussed 
in separate chapters, followed by a chapter on ratio, proportion, and 
variation. Following this are discussions of depe r ience , functions, and 
formulas; complex numbers; and quadratic equations. The topics cov- 
ered in the last three chapters are plane figures, geometric construc- 
tions and solid figures, and numerical trigonometry. 

This training course was prepared by the United States Navy Training 
Publications Center, Memphis, Tennessee, for the Bureau of Naval 
Personnel. 
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NAVY 



THE UNITED STATES 

GUARDIAN OF OUR COUNTRY 

The United States Navy is responsible for maintaining control of the sea 
and is a ready force on watch at home and overseas, capable of strong 
action to preserve the peace or of instant offensive action to win in war. 

It is upon the maintenance of this control that our country’s glorious 
future depends; the United States Navy exists to make it so. 

WE SERVE WITH HONOR 

Tradition, valor, and victory are the Navy’s heritage from the past. To 
these may be added dedication, discipline, and vigilance as the watchwords 
of the present and the future. 

At home or on distant stations we serve with pride, confident in the respect 
of our country, our shipmates, and our families. 

Our responsibilities sober us; our adversities strengthen us. 

Service to God and Country is our special privilege. We serve with honor. 



THE FUTURE OF THE NAVY 

The Navy will always employ new weapons, new techniques, and 
greater power to protect and defend the United States on the sea, under 
the sea, and in the air. 

Now and in the future, control of the sea gives the United States her 
greatest advantage for the maintenance of peace and for victory in war. 

Mobility, surprise, dispersal, and offensive power are the keynotes of 
the new Navy. The roots of the Navy lie in a strong belief in the 
future, in continued dedication to our tasks, and in reflection on our 
heritage from the past. 

Never have our opportunities and our responsibilities been greater. 
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CHAPTER 1 

NUMBER SYSTEMS AND SETS 



Mathematics is a basic tool. Some use of 
mathematics is found in every rating in the 
Navy, from the simple arithmetic of counting 
for inventory purposes to the complicated equa- 
tions encountered in computer and engineering 
work. Storekeepers need mathematical compu- 
tation in their bookkeeping. Damage Control- 
men need mathematics to compute stress, cen- 
ters of gravity, and maximum permissible roll. 
Electronics principles are frequently stated by 
means of mathematical formulas. Navigation 
a pri engineering also use mathematics to a great 
extent. As maritime warfare becomes more 
and mor-? complex, mathematics achieves ever 
increasing importance as an essential tool. 

From the point of view of the individual there 
are many incentives for learning the subject. 
Mathematics better equips him to do his pres- 
ent job. It will help him in attaining promotions 
and the corresponding pay increases. Statisti- 
cally it has been found that one of the best indi- 
cators of a man's potential success as a naval 
officer is his understanding of mathematics. 

This training course begins with the basic 
facts of arithmetic and continues through some 
of the early stages of algebra. An attempt is 
made throughout to give an understanding of 
why the rules of mathematics are true. This is 
done because it is felt that rules are easier to 
learn and remember if the ideas that led to 
their development are understood. 

Many of us have areas in our mathematics 
background that are hazy, barely understood, or 
troublesome. Thus, while it may at first seem 
beneath your dignity to read chapters on funda- 
mental arithmetic, these basic concepts may be 
just the spots where your difficulties lie. These 
chapters attempt to treat the subject on an adult 
level that will be interesting and informative. 

COUNTING 

Counting is such a basic and natural process 
that we rarely slop to think about it. The proc- 
ess is based on the idea of ONE-TO-ONE COR- 
RESPONDENCE, which is easily demonstrated 
by using the fingers. When children count on 



their fingers, they are placing each finger in 
one-to-one correspondence with one of the ob- 
jects being counted. Having outgrown finger 
counting, we use numerals. 

NUMERALS 

Numerals are number symbols. One of the 
simplest numeral systems is the Roman nu- 
meral system, in which tally marks are used to 
represent the objects being counted. Roman 
numerals appear to be a refinement of the tally 
method still in use today. By this method, one 
makes short vertical marks until a total of four 
is reached; when the fifth tally is counted, a 
diagonal mark is drawn through the first four 
marks. Grouping by fives in this way is remi- 
niscent of the Roman numeral system, in which 
the multiples of five are represented by special 

symbols. .. _ 

A number may have many names. For 
example, the number 6 may be indicated by any 
of the following symbols: 9-3, 12/2, 5 + 1, or 
2x3. The important thing to remember is that 
a number is an idea; various symbols used to 
indicate a number are merely different ways of 
expressing the same idea. 

POSITIVE WHOLE NUMBERS 

The numbers which are used for counting in 
our number system are sometimes called natu- 
ral numbers. They are the positive whole num- 
bers, or to use the more precise mathematical 
term, positive INTEGERS. The Arabic nu- 
merals from 0 through 9 are called digits, and 
an integer may have any number of digits. For 
example, 5, 32, and 7,049 are all integers. The 
number of digits in an integer indicates its 
rank; that is, whether it is "in the hundreds," 
"in the thousands," etc. The idea of ranking 
numbers in terms of tens, hundreds, thousands, 
etc., is based on the PLACE VALUE concept. 

PLACE VALUE 

Although a system such as the Roman nu- 
meral system is adequate for recording the 
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results of counting, it is too cumbersome for 
purposes of calculation. Before arithmetic 
could develop as we know it today, the following 
two important concepts were needed as addi- 
tions to the counting process: 

1. The idea of 0 as a number. 

2. Positional notation (place value). 

Positional notation is a form of coding in 

which the value of each digit of a number de- 
pends upon its position in relation to the other 
digits of the number. The convention used in 
our number system is that each digit has a 
higher place value than those digits to the right 
of it. 

The place value which corresponds to a given 
position in a number is determined by the BASE 
of the number system. The base which is most 
commonly used is ten, and the system with ten 
as a base is called the decimal system (decern 
is the Latin word for ten). Any number is as- 
sumed to be a base -ten number, unless some 
ocher base is indicated. One exception to this 
rule occurs when the subject of an entire dis- 
cussion is some base other than ten. For ex- 
ample, in the discussion of binary (base two) 
numbers later in this chapter, all numbers are 
assumed to be binary numbers unless some 
other base is indicated. 

DECIMAL SYSTEM 

In the decimal system, each digit position in 
a number has ten times the value of the position 
adjacent to it on the right. For example, in the 
number 11, the 1 on the left is said to be in the 
"tens place," and its value is 10 times as great 
as that of the 1 on the right. The 1 on the right 
is said to be in the "units place," with the un- 
derstanding that the term "unit" in our system 
refers to the numeral 1. Thus the number 11 
is actually a coded symbol which means "one 
ten plus one unit." Since ten plus one is eleven, 
the symbol 11 represents the number eleven. 

Figure 1-1 sh^ws the names of several digit 
positions in the decimal system. If we apply 
this nomenclature to the digits of the integer 
235, then this number symbol means "two hun- 
dreds plus three tens plus five units." This 
number may be expressed in mathematical 
symbols as follows: 

2x 10 x lG + 3x 10 x l + 5x 1 

Notice that this bears out our earlier statement: 
each digit position has 10 times the value of the 
position adjacent to it on the right. 




Figure 1-1.— Names 
of digit positions. 

The integer 4,372 is a number symbol whose 
meaning is "four thousands plus three hundreds 
plus seven tens plus two units." Expressed in 
mathematical symbols, this number is as fol- 
lows: 

4 x 1000 + 3x 100 +7x 10 +2x1 

This presentation may be broken down further, 
in order to show that each digit position as 10 
times the place value of the position on its 
right, as follows: 

4 x 10 x 100 + 3x10x10 + 7x10x1 + 2x1 

The comma which appears in a number sym- 
bol such as 4,372 is used for "pointing off" the 
digits into groups of three beginning at the 
right-hand side. The first group of three digits 
on the right is the units group; the second group 
is the thousands group; the third group is the 
millions group; etc. Some of these groups are 
shown in table 1-1. 



Table 1-1.— Place values and grouping. 



Billions 


Millions 


Thousands 


Units 


group 


group 


group 


group 


1 


Hundred millions 
Ten millions 
Millions 


4 

5 00 




Hundred bill: 
Ten billions 
Billions 


Hundred thov 
Ten thousand 
Thousands 


Hundreds 

Tens 

Units 



By reference to table 1-1, we can verify that 
5,432,786 is read as follows: five million, four 
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hundred thirty-*wo thousand} seven hundred 
eighty-six. Notice that the word "and" is not 
necessary when reading numbers of this kind. 

Practice problems: 

1. Write the number symbol for seven thousand 
two hundred eighty-one. 

2. Write the meaning, in words, of the symbol 



An example of a binary number is the sym- 
bol 101. We can discover the meaning of this 
symbol by relating it to the decimal system. 
Figure 1-2 shows that the place value of each 
digit position in the binary system is two times 
the place value of the position adjacent to it on 
the right. Compare this with figure 1-1, in 
which the base is ten rather than two. 



3. If a number is in the millions, it must have 

at least how many digits ? 

4. If a number has 10 digits, to what number 
group (thousands, millions, etc.) does it 
belong? 



Answers: 

1 7 281 

2. Twenty-three thousand, four hundred sixty 
nine. 



3. 7 

4. Billions 



BINARY SYSTEM 

The binary number system is constructed in 
the same manner as the decimal system. How- 
ever, since the base in this system is two, only 
two digit symbols are needed for writing num- 
bers. These two digits arf * and 0. In order 
to understand why only two digit symbols are 
needed in the binary system, we may make 
some observations about the decimal system 
and then generalize from these. 

One of the most striking observations about 
number systems which utilize the concept of 
place value is that there is no single-digit sym- 
bol for the base. For example, in the decimal 
system the symbol for ten, the base, is 10. This 
symbol is compounded from two digit symbols, 
and its meaning may be interpreted as "one 
base plus no units." Notice the implication of 
this where other bases are concerned: Every 
system uses the same symbol for the base, 
namely 10. Furthermore, the symbol 10 is not 
called "ten" except in the decimal system. 

Suppose that a number system were con- 
structed with five as a base. Then the only 
digit symbols needed would be 0, 1, 2, 3, and 4. 
No single-digit symbol for five is needed, since 
the symbol 10 in a base-five system with place 
value means "one five plus no units." In gen- 
eral, in a number system using base N, the 
largest number for which a single-digit symbol 
is needed is N minus 1. Therefore, when the 
base is two the only digit symbols needed are 
1 and 0. 




Figure 1-2.— Digit positions 
in the binary system. 

Placing the digits of the number 101 in their 
respective blocks on figure 1-2, we find that 
101 means "one four plus no twos plus one unit. 
Thus 101 is the binary equivalent of decimal 5. 

If we wish to convert a decimal number, such 
as 7, to its binary equivalent, we must break it 
into parts which are multiples of 2. Since 7 is 
equal to 4 plus 2 plus 1, we say that it ' con- 
tains" one 4, one 2, and one unit. Therefore 
the binary symbol for decimal 7 is 111. 

The most common use of the binary number 
system is in electronic digital computers. All 
data fed to a typical electronic digital computer 
is converted to binary form and the computer 
performs its calculations using binary arith- 
metic rather than decimal arithmetic. One of 
the reasons for this is the fact that electrical 
and electronic equipment utilizes many switch- 
ing circuits in which there are only two operat- 
ing conditions. Either the circuit is "on" or it 
is "off," and a two-digit number system is 
ideally suited for symbolizing such a situation. 

Details concerning binary arithmetic are be- 
yond the scope of this volume, but are available 
in Mathematics, Volume 3, NavPers 10073, and 
in Basic Electonics, NavPers 10087 -A. 

Practice problems: 

1. Write the decimal equivalents of the binary 
n umb ers 1101, 1010, 1001, and 

2. Write the binary equivalents of the decimal 
numbers 12, 7, 14, and 3. 

Answers: 

1. 13, 10, 9, and 15 

2. 1JL00, 111, 1110, and 11 
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SETS 

Any serious study of mathematics leads the 
student to investigate more than one text and 

”°ff th “ ° ne " ay of approaching each new 
topic. At the time of printing of this course, 
much emphasis is being placed on so-called 
modern math in the public schools. Conse- 

tr unee who us es this course is 
likely to find considerable material, in his par- 
allel reading, which uses the ideas and termi- 
nology of the "new" math. 

. Jf 1 t *! e fo J lowin g Paragraphs, a very brief in- 
troduction to some of the set theory of modern 
math is presented. Although the remainder of 
this course is not based on set theory, this brief 
intr oduction should help in making the transi- 
i on from traditional methods to newer, experi- 
mental methods. ** 

DEFINITIONS AND SYMBOLS 

The word "set" implies a collection or group- 
ing of similar objects or symbols. The objects 
m a set have at least one characteristic in com- 
mon, such as similarity of appearance or pur- 
pose. A set of tools would be an example of a 
group of objects not necessarily similar in ap- 
pearance but similar in purpose. The objects 

in a set are called members or 
ELEMENTS of the set. 

n The e [ ements of a mathematical set are usu- 
ally symbols, such as numerals, lines, or points. 
For example, the positive integers greater than 
zero and less than 5 form a set, as follows: 

{1. 2, 3, 4} 

b . races L ar e used to indicate sets. 
This is often done where the elements of the set 
are not too numerous* 

Since the elements of the set {2, 4, 6} are 
the same as the elements of {4, 2, 6}, these two 
sets are said to be equal. In other words, equal- 
ity between sets has nothing to do with the order 
in which the elements are arranged. Further - 

Th° a r A , « re f? eat ? d el ® ment ? are not necessary. 
That is, the elements of {2, 2, 3, 4} are simply 

h Therefore the sets {2, 3, 4} and 

i z > 2, 3, 4/ are equal. 

Practice problems: 

1. Use the correct symbols to designate the set 
of odd positive integers greater than 0 and 
less than 10. 



2. Use the correct symbols to designate the set 
of names of days of the week which do not 
contain the latter "s". 

3. List the elements of the set of natural num- 
bers greater than 15 and less than 20. 

4. Suppose that we have sets as follows: 

A = {l, 2, 3} C = {l, 2, 3, 4} 

B ={1,2,2, 3} D.{1, 1,2,3} 

Which of these sets are equal ? 

Answers: 

l U> 3 > 5 , 7 , 9 } 

2. i Monday, Friday} 

3. 16, 17, 18, and 19 

4. A = B = D 

SUBSETS 

Since it is inconvenient to enumerate all of 
the elements of a set each time the set is men- 
tioned, sets are often designated by a letter. 
For example, we could let S represent the set 
JJ i P° Sltlve integers greater than 0 and less 
than 10. In symbols, this relationship could be 
stated as follows: 

S ={1,2,3, 4, 5, 6, 7, 8, 9} 

Now suppose that we have another set, T 
which comprises all positive even integers less 
tnan 10. This set is then defined as follows: 

T s {2, 4, 6, 8} 

Notice that every element of T is also an ele- 
ment of S. This establishes the SUBSET rela- 
tionship; T is said to be a subset of S. 



POSITIVE INTEGERS 

The most fundamental set of numbers is the 
set of positive integers. This set comprises 
the counting numbers (natural numbers) and in- 
cludes, as subsets, all of the sets of numbers 
which we have discussed. The set of natural 
numbers has ?n outstanding characteristic: it 
is infinite. This means that the successive 

el .®{ ne ^ of set continue increase in size 
without limit, each number t, ui-. ’ ~ rger by 1 
than the number preceding it. TKv /ore there 
is no "largest" number; any number that we 
might choose as larger than all others could be 
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increased to a larger number simply by adding 

One way to represent the set of natural num- 
bers symbolically would be as follows: 

{1,2, 3, 4, 5, 6, ...} 

The three dots, called ellipsis, indicate that the 
pattern established by the iwmbers shown con- 
tinues without limit. In other words, the next 
number in the set is understood to be 7, the 
next after that is 8, etc. 

POINTS AND LINES 

In addition to the many sets which can be 
formed with number symbols, we fre< ^ e ”~y 
find it necessary in mathematics to work with 
sets composed of points or lines. 

A point is an idea, rather than a tanglbeob- 
iect, just as a number is. The mark which i 
made on a piece of paper is 
representing the point. In stnct >“ a0 ’ e “J a ‘V 
terms, a point has no dimensions (physical size) 
at all. Thus a pencil dot is only a rough Pj ctur ® 
of a point, useful for indicating the location of 
the point but certainly not to be confused with 

^Now** suppose that a large number of points 
are placed side by side to form a 
Picturing this arrangement by drawing dots on 
paper, we would have a "dotted line." If more 
dots were placed between the dots already n 
the string, with the number of dots increasing 
until we could not see between them, we would 
have a rough picture of a line. Once again, it 
is important to emphasize that the 
only a symbol which represents an ideal line. 
The ideal line would have length but no width or 

ihictaess^egoing discusslon leads to the con- 
clusion that a line is actually a set of points. 
The number of elements in the set is infinite, 
since the line extends in both directions without 

““The idea of arranging points together to 
form a line may be extended to the formation of 



planes (flat surfaces). A mathematical plane 
may be considered as Uu* result of placing an 
infinite number of straight lines side by side, 

with no space between the lines. Thus £ 

is a set of lines. Another way of defining a 
plane in terms of sets is to consider the plane 
as the result of placing points side by side in 
all directions. In this case, the plane is a set 
of points and the points comprising any line in 
the plane form a subset. 

Line Segments and Rays 

When we draw a "line,’' label Its end points 
A and B, and call it "Uni AB," we reaUy mean 
LINE SEGMENT AB. A line segment is a sub- 
set of the set of points comprising a line. 

When a line is considered to have a starting 
point but no stopping point (that is, it emends 
without limit in one direction), it * malted a 
rAY A ray is not a line segment, because it 
does* not terminate at both ends; it may be ap- 
propriate to refer to a ray as a half “ 1L ; e * . 

As in the case of a line segment, a ray is a 
subset of the set of points comprising a line. 
All three-lines, line segments, and rays-are 
subsets of the set of points comprising a plane. 

THE NUMBER LINE 

Among the many devices used for represent- 
ing a set of numbers, one of the most useful i 
thf number line. To illustrate the ^ruction 
of a number line, let us place the elements of 
the set of natural numbers in one-to-one cor- 
respondence with points on a line. , 

natural numbers are equally spaced, we select 
points such that the distancesbetween themare 
equal. The starting point is labeled 0, the nex 
point is labeled 1, the next 2, etc., using the 
natural numbers in normal counting order, (bee 
fig. 1-3.) Such an arrangement is often referred 
to as a scale, a familiar example being e 

scale on a thermometer. . 

Thus far in our discussion, we have not men- 
tioned any numbers other than integers. The 
number line is an ideal device for picturing the 
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relationship between integers and other num- 
bers such as fractions and decimals. It is clear 
that many points, other than those representing 
integers, exist on the number line. Examples 
are the points representing the numbers 1/2 
(located halfway between 0 and 1) and 2.5 (lo- 
cated halfway between 2 and 3). 

An interesting question arises, concerning 
the "in-between" points on the number line: 
How many points (numbers) exist between any 
two integers? To answer this question, suppose 
that we first locate the point halfway between 0 
and 1, which corresponds to the number 1/2. 
Then let us locate the point halfway between 0 
and 1/2, which corresponds to the number 1/4. 
The result of the next such halving operation 
would be 1/8, the next 1/16, etc. If we need 
more space to continue our halving operations 
on the number line, we can enlarge our "pic- 
ture" and then continue. 

It soon becomes apparent that the halving 
process could continue indefinitely; that is, 
without limit. In other words, the number of 
points between 0 and 1 is infinite. The same is 



true of any other interval on the number line. 
Thus, between any two integers there is an infi- 
nite set of numbers other than integers. If this 
seems physically impossible, considering that 
even the sharpest pencil point has some width, 
remember that we are working with ideal points, 
which have no physical dimensions whatsoever. 

Although it is beyond the scope of this course 
to discuss such topics as orders of infinity, it 
is interesting to note that the set of integers 
contains many subsets which are themselves 
infinite. Not only are the many subsets of num- 
bers other than integers infinite, but also such 
subsets as the set of all odd integers and the 
set of all even integers. By intuition we see 
that these two subsets are infinite, as follows: 
If we select a particular odd or even integer 
which we think is the largest possible, a larger 
one can be formed immediately by merely 
adding 2. 

Perhaps the most practical use for the num- 
ber line is in explaining the meaning of nega- 
tive numbers. Negative numbers are discussed 
in detail in chapter 3 of this course. 



CHAPTER 2 

POSITIVE INTEGERS 



The purpose of this chapter is to review the 
methods of combining integers. We have al- 
ready used one combination process in our dis- 
cussion of counting. We will expend the idea of 
counting, which is nothing more than simple ad- 
dition, to develop a systematic method for add- 
ing numbers of any size. We will also learn 
the meaning of subtraction, multiplication, and 
division. 



ADDITION AND SUBTRACTION 



Carry and Borrow 

Problems involving several addends, with 
two or more digits each, usually produce sums 
in one or more of the columns which are greater 
than 9. For example, suppose that we perform 
the following addition: 

357 
845 
22 

1,224 



In the following discussion, it is assumed 
that the reader knows the basic addition and 
subtraction tables, which present such facts as 
the following: 2 + 3 = 5, 9 + 8 = 17, 8-3 = 5, 

etc* 

The operation of addition is indicated by a 
plus sign (+) as in 8 + 4 = 12. The numbers 8 
and 4 are ADDENDS and the answer (12) is their 
SUM. The operation of subtraction is indicated 
by a minus sign (-) as in 9 - 3 = 6. The number 
9 is the MINUEND, 3 is the SUBTRAHEND, and 
the answer (6) is their DIFFERENCE. 

REGROUPING 

Addition may be performed with the addends 
arranged horizontally, if they are small enough 
and not too numerous. However, the most com- 
mon method of arranging the addends is to place 
them in vertical columns. In this arrangement, 
the units digits of all the addends are alined 
vertically, as are the tens digits, the hundreds 
digits, etc. The following example shows three 
addends arranged properly for addition: 

357 
1,845 
22 

It is customary to draw a line below the last 
addend, placing the answer below this line. Sub- 
traction problems are arranged in columns in 
the same manner as for addition, with a line at 
the bottom and the answer below this line. 



The answer was found by a process called 
"carrying.” In this process extra digits, gen- 
erated when a column sum exceeds 9, are car- 
ried to the next column to the left and treated 
as addends in that column. Carrying may be 
explained by grouping the original addends. 
For example, 357 actually means 3 hundreds 
plus 5 tens plus 7 units. Rewriting the problem 
with each addend grouped in terms of units, 
tens, etc., we would have the following: 

300 + 50 +7 
800 + 40 +5 
20+2 

1,100 + 110 + 14 



The "extra” digit in the units column of the 
answer represents 1 ten. We regroup the col- 
umns of the answer so that the units column has 
no digits representing tens, the tens column has 
no digits representing hundreds , etc . , as follows : 

1,100 + 110 + 14 * 1,100 + 110 + 10 + 4 
= 1,100 + 120 + 4 
= 1,100 + 100 + 20 + 4 
= 1,200 + 20 + 4 
= 1,000 + 200 + 20 + 4 
= 1,224 

When we carry the 10 from the expression 
10 + 4 to the tens column and place it with the 
110 to make 120, the result is the same as if 
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we had added 1 to the digits 5, 4, and 2 in the 
tens column ol the original problem. There- 
fore., the thought process in addition is as fol- 
lows. Add the 7, 5, and 2 in the units column, 
getting a sum of 14. Write down the 4 in the 
units column of the answer and carry the 1 to 
the tens column. Mentally add the 1 along with 
the other digits in the tens column, getting a 
sum of 12. Write down the 2 in the tens column 
of the answer and carry the 1 to the hundreds 
column. Mentally add the 1 along with the other 
digits in the hundreds column, getting a sum of 
12. Write down the 2 in the hundreds column of 
the answer and carry the 1 to the thousands 
column. If there were other digits in the thou- 
sands column to which the 1 could be added, the 
process would continue as before. Since there 
are no digits in the thousands column of the 
original problem, this final 1 is not added to 
anything, but is simply written in the thousands 
place in the answer. 

The borrow process is the reverse of carry- 
ing and is used in subtraction. Borrowing is 
not necessary in such problems as 46 - 5 and 
58 - 53. In the first problem, the thought proc- 
ess may be M 5 from 6 is 1 and bring down the 4 
to get the difference, 41." In the second prob- 
lem, the thought process is "3 from 8 is 5 M and 
"5 from 5 is zero," and the answer is 5. More 
explicitly, the subtraction process in these ex- 
amples is as follows: 

40+ 6 50 + 8 

5 50 + 3 

40+1 = 41 0 + 5 = 5 



This illustrates that we are subtracting units 
from units and tens from tens. 

Now consider the following problem where 
borrowing is involved: 



A 10 has been borrowed from the tens column 
and combined with the 3 in the units column to 
make a number large enough for subtraction of 
the 8. Notice that borrowing to increase the 
value of the digit in the units column reduces 
the value of the digit in the tens column by 1. 

Sometimes it is necessary to borrow in more 
than one column. For example, suppose that we 
wish to subtract 2,345 from 5,234. Grouping 
the minuend and subtrahend in units, tens, hun- 
dreds, etc., we have the following: 

5.000 + 200 + 30 + 4 

2.000 + 300 + 40 + 5 

Borrowing a 10 from the 30 in the tens column, 
we regroup as follows: 

5.000 + 200 + 20 + 14 

2.000 + 300 + 40 + 5 

The units column is now ready for subtrac- 
tion. By borrowing from the hundreds column, 
we can regroup so that subtraction is possible 
in the tens column, as follows: 

5.000 + 100 + 120 + 14 

2.000 + 300 + 40 + 5 

In the final regrouping, we borrow from the 
thousands column to make subtraction possible 
in the hundreds column, with the following result: 

4.000 + 1,100 + 120 + 14 

2.000 + 300 + 40 +5 

2,000 + 800 + 80 + 9 = 2,889 

In actual practice, the borrowing and re- 
grouping are done mentally. The numbers are 
written in the normal manner, as follows: 



43 

_8 

If the student uses the borrowing method, he 
may think "8 from 13 *s 5 and bring down 3 to 
get the difference, 35." In this case what actu- 
ally was done is as follows: 

30 + 13 
8 

30 + 5 = 35 



5,234 

-2,345 

2,889 

The following thought process is used: Borrow 
from the tens column, making the 4 become 14. 
Subtracting in the units column, 5 from 14 is 9. 
In the tens column, we now have a 2 in the min- 
uend as a result of the first borrowing opera- 
tion. Some students find it helpful at first to 
cancel any digits that are reduced as a result 
of borrowing, jotting down the digit of next lower 
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value just above the canceled digit. This has 
been done in the following example: 

4 12 

-2,345 

2,889 

After canceling the 3, we proceed with the 
subtraction, one column at a time. We borrow 
from the hundreds column to change the 2 that 
we now have in the tens column into 12. Sub- 
tracting in the tens column, 4 from 12 is 8. 
Proceeding in the same way for the hundreds 
column, 3 from 11 is 8. Finally, in the thou- 
sands column, 2 from 4 is 2. 

Practice problems. In problems 1 through 
4, add the indicated numbers. In problems 5 
through 8, subtract the lower number from the 
upper. 

1. Add 23, 468, 7, and 9,045. 



2. 129 
958 
787 
436 


3. 9,497 
6,364 
4,269 
9,785 


4. 67,856 
22,85! 
44,238 
97,156 




5. 709 
594 


6. 8,700 
5,008 


7. 7,928 
5,349 


8. 75,168 
28,089 


Answers: 






1. 9,543 
5. 115 


2. 2,310 
6. 3,692 


3. 29,915 
7. 2,579 


4. 232,101 
8. 47,079 


Denominate Numbers 







Numbers that have a unit of measure asso- 
ciated with them, such as yard, kilowatt, pound, 
pint, etc., are called DENOMINATE NUMBERS. 
The word "denominate" means the numbers 
have been given a name; they are not just ab- 
stract symbols. To add denominate numbers, 
add all units of the same kind. Simplify the re- 
sult, if possible. The following example illus- 
trates the addition of 6 ft 8 in. to 4 ft 5 in.: 

6 ft 8 in. 

4 ft 5 in. 

10 ft 13 in. 

Since 13 in. is the equivalent of 1 ft 1 in., we 
regroup the answer as 11 ft 1 in. 



A similar problem would be to add 20 de- 
grees 44 minutes 6 seconds to 13 degrees 22 
minutes 5 seconds. This is illustrated as fol- 
lows: 

23 deg 44 min 6 sec 

13 deg 22 min 5 sec 

33 deg 66 min 11 sec 

This answer is regrouped as 34 deg 6 min 
11 S6C. 

Numbers must be expressed in units of the 
same kind, in order to be combined. For in- 
stance, the sum of 6 kilowatts plus 1 watt is not 
7 kilowatts nor is it 7 watts. The sum can only 
be indicated (rather than performing the opera- 
tion) unless some method is used to write these 
numbers in units of the same value. 

Subtraction of denominate numbers also in- 
volves the regrouping idea. If we wish to sub- 
tract 16 deg 8 min 2 sec from 28 deg 4 min 
3 sec, for example, we would have the following 
arrangement: 

28 deg 4 min 3 sec 
-16 deg 8 min 2 sec 

In order to subtra?' 8 m?n from 4 min we re- 
group as follows: 

27 deg 64 min 3 sec 
-16 deg 8 min 2 sec 

11 deg 56 min 1 sec 

Practice problems. In problems 1 and 2, 
add. In problems 3 and 4, subtract the lower 
number from the upper. 

1. 6 yd 2 ft 7 in. 

1 ft 9 in. 

2 yd 10 in. 



2. 9 hr 47 min 51 sec 
3 hr 36 min 23 sec 
5 hr 15 min 23 sec 

3. 15 hr 25 min 10 sec 
-6 hr 50 min 35 sec 



4. 125 deg 

47 deg 9 min 14 sec 
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Answers: 

1. 9 yd 2 ft 2 in. 

2. 18 hr 39 min 37 sec 

3. 8 hr 34 min 35 sec 

4. 77 deg 50 min 46 sec 



Mental Calculation 



Mental regrouping can be used to avoid the 
necessity of writing down some of the steps, or 
of rewriting in columns, when groups of one- 
digit or two-digit numbers are to be added or 
subtracted. 

One of the most common devices for rapid 
addition is recognition of groups of digits whose 
sum is 10. For example, in the following prob- 
lem two "ten groups" have been marked with 
braces: 

7 

4} 10 



5 




To add this column as grouped, you would say 
to yourself, "7, 17, 22, 32." The thought should 
be just the successive totals as shown above 
and not such cumbersome steps as "7 + 10. 17 
+ 5, 22, + 10, 32." ’ ’ 

When successive digits appear in a column 
and their sum is less than 10, it is often con- 
venient to think of them, too, as a sum rather 
than separately. Thus, if adding a column in 
which the sum of two successive digits is 10 or 
less, group them as follows: 



3] 

1 > 
1 
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Practice problems. Add the following col- 
umns from the top down, as in the preceding 
example: 

3. 88 4. 57 

36 32 

59 64 

82 97 

28 79 

57 44 

Answers, showing successive mental steps: 

1. 2, 12, 22, 23 — Final answer, 23 

2. 10, 17, 26, 34 - - Final answer, 34 

3. Units column: 14, 23, 33, 40 - - Write down 

0, carry 4. 

Tens column: 12, 20, 30, 35 - - Fina! an- 
swer, 350. 

4. Units column: 9, 20, 29, 33 - - Write down 

3, carry 3. 

Tens column: 8, 17, 26, 37 - - Final an- 
swer, 373. 

SUBTRACTION.— In an example such as 
73 - 46, the conventional approach is to place 
46 under 73 and subtract units from units and 
tens from tens, and write only the difference 
without the intermediate steps. To do this, the 
best method is to begin at the left. Thus, in the 
example 73 - 46, we take 40 from 73 and then 
take 6 from the result. This is done mentallv, 
however, and the thought would be "73, 33, 27 " 
or "33, 27." In the example 84 - 21 the thought 
is "64, 63" and in the example 64 - 39 the thought 
is "34, 25." 

Practice problems. Mentally subtract and 
write only the difference: 

!• 47 - 24 4. 86 - 73 

2. 69 - 38 5. 82 - 41 

3. 87 - 58 6. 30 - 12 

Answers, showing successive mental steps: 

1. 27, 23 - - Final answer, 23 

2. 39, 31 - - Final answer, 31 

3. 37, 29 - - Final answer, 29 

4. 16, 13 - - Final answer, 13 

5. 42, 41 - - Final answer, 41 

6. 20, 18 - - Final answer, 18 



1 . 2 
7 

3 
6 

4 
1 



2. 4 
6 

7 

8 
1 
8 



The thought process here might be, as shown 
by the grouping, "5, 14, 24." 



MULTIPLICATION AND DIVISION 

Multiplication may be indicated by a multi- 
plication sign (x) between two numbers, a dot 
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between two numbers, or parentheses around 
one or both of the numbers to be multiplied. The 
follow ing examples illustrate these methods: 

6 x 8 = 48 
6 • 8 = 48 
6(8) = 48 
(6)(8) = 48 

Notice that when a dot is used to indicate 
multiplication, it is distinguished from a deci- 
mal point or a period by being placed above the 
line of writing, as in example 2, whereas a 
period or decimal point appears on the line* 
Notice also that when parentheses are used to 
indicate multiplication, the numbers to be mul- 
tiplied are spaced closer together than they are 

when the dot or x is used. 

In each of the four examples just given, 6 is 
the MULTIPLIER and 8 is the MULTIPLICAND. 
Both the 6 and the 8 are FACTORS, and the 
more modern texts refer to them this way. The 
’’answer” in a multiplication problem is the 
PRODUCT; in the examples just given, the 
product is 48. 

Division usually is indicated either by a 
division sign (-) or by placing one number over 
another number with a line between the num- 
bers, as in the following examples: 

1. 8+ 4 = 2 




The number 8 is the DIVIDEND, 4 is the DIVI- 
SOR, and 2 is the QUOTIENT. 

MULTIPLICATION METHODS 

The multiplication of whole numbers may be 
thought of as a short process of adding equal 
numbers. For example, 6(5) and 6x5 are read 
as six 5'g. Of course we could write 5 six times 
and add, but if we learn that the result is 30 we 
can save time. Although the concept of adding 
equal numbers is quite adequate in explaining 
multiplication of whole numbers, it is only a 
special case of a more general definition, which 
will be explained later in multiplication involv- 
ing fractions. 

Grouping 

Let us examine the process involved in mul- 
tiplying 6 times 27 to get the product 162. We 
first arrange the factors in the following manner: 



27 

x6 

162 

The thought process is as follows: 

1. 6 times 7 is 42. Write down the 2 and 
carry the 4. 

2. 6 times 2 is 12. Add the 4 that was car- 
ried over irom step 1 and write the result, 16, 
beside the 2 that was written in step 1. 

3. The final answer is 162. 

Table 2- 1 shows that the factors were grouped 
in units, tens, etc. The multiplication was done 
in three steps: Six times 7 units is 42 units (or 
4 tens and 2 units) and six times 2 tens is 12 
tens (or 1 hundred and 2 tens). Then the tens 
were added and the product was written as 162. 



Table 2-1. -Multiplying by a 
one -digit number. 




In preparing numbers for multiplication as 
in table 2-1, it is important to place tne digits 
of the factors in the proper columns; that is, 
units must be placed in the units column, tens 
in tens column, and hundreds in hundreds col- 
umn. Notice that it is not necessary to write 
the zero in the case of 12 tens (120) since the 1 
and 2 are written in the proper columns. In 
practice, the addition is done mentally, and just 
the product is written without the intervening 

steps. 

Multiplying a number with more than two 
digits by a one-digit number, as shown in table 
2-2, involves no new ideas. Three times 6 unite 
is 18 units (1 ten and 8 units), 3 times 0 tens is 
0, and 3 times 4 hundreds is 12 hundreds (1 
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Table 2-2.-Multiplying a three-digit 43 

number by a one-digit number. 




thousand and 2 hundreds). Notice that it is not 
necessary to write the 0’s resulting from the 
step 3 times 0 tens is 0." The two terminal 
O’ s of the number 1,200 are also omitted, since 
the 1 and the 2 are placed in their correct col- 
umns by the position of the 4. 



Part ill Products 

In the example, 6(8) = 48, notice that the 
multiplying could be done another way to get 
the correct product as follows: 



6(3 + 5) = 6 x 3 + 6 x 5 

That is, we can break 8 into 3 and 5, multiply 
each of these by the other factor, and add the 
partial products. This idea is employed in 
multiplying by a two-digit number. Consider 
the following example: 



43 

x27 

1,161 

Breaking the 27 into 20 + 7, we have 7 units 
times 43 plus 2 tens times 43, as follows: 

43(20 + 7) = (43)(7) + (43)(20) 

Since 7 units times 43 is 301 units, and 2 tens 
times 43 is 86 tens, we have the following: 



301 = 3 hundreds, 0 tens, 1 unit 
86 = 8 hundreds, 6 tens 

1, 161 

As long as the partial products are written 
in the correct columns, we can multiply begin- 
ning from either the left or the right of the 
multiplier. Thus, multiplying from the left, we 
have 

43 

x27 

86 

301 

1,18i 

Multiplication by a number having more places 
involves no new ideas. 

End Zeros 

The placement of partial products must be 
kept in mind when multiplying in problems in- 
volving end zeros, as in the following example: 

27 

x40 



1,080 

We have 0 units times 27 plus 4 tens times 27, 
as follows: 

27 

x40 

0 

108 

1,080 • 

The zero in the units place plays an important 
part in the reading of the final product. End 
zeros are often called "place holders" since 
their only function in the problem is to hold the 
digit positions which they occupy, thus helping to 
place the other digits in the problem correctly. 

The end zero in the foregoing problem can 
be accounted for very nicely, while at the same 
time placing the other digits correctly, by means 
of a shortcut. This consists of offsetting the 40 
one place to the right and then simply bringing 
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down the 0, without using it as a multiplier at 
all. The problem would appear as follows: 

27 

x40 

1,080 



12 

_4 * 
8 

_4 * 
4 

4 * 



If the problem involves a multiplier with 
more than one end 0, the multiplier is offset as 
many places to the right as there are end 0’s. 
For example, consider the following multipli- 
cation in which the multiplier, 300, has two 
end 0’s: 



220 

x300 

66,000 

Notice that there are as many place -holding 
zeros at the end in the product as there are 
place-holding zeros in the multiplier and the 
multiplicand combined. 



Placement of Decimal Points 

hi any whole number in the decimal system, 
there is understood to be a terminating mark, 
called a decimal point, at the right-hand end of 
the number. Although the decimal point is sel- 
dom shown except in numbers involving decimal 
fractions (covered in chapter 5 of this course), 
its location must be known. The placement of 
the decimal point is automatically taken care of 
when the end 0's are correctly placed. 

Practice problems. Multiply in each of the 
following problems: 



1. 287 x 8 

2. 67x49 

3. 940 x 20 



4. 807 x 28 

5. 694 x 80 

6. 9,241 x 7,800 



Answers: 



1. 2,296 

2. 3,283 

3. 18,800 



4. 22,596 

5. 55,520 

6. 72,079,800 



DIVISION METHODS 

Just as multiplication can be considered as 
repeated addition, division can be considered as 
repeated subtraction. For example, if we wish 
to divide 12 by 4 we may subtract 4 from 12 in 
successive steps and tally the number of times 
that the subtraction is performed, as follows: 



0 

As indicated by the asterisks used as tally 
marks, 4 has been subtracted 3 times. This 
result is sometimes described by saying that 
”4 is contained in 12 three times." 

Since successive subtraction is too cumber- 
some for rapid, concise calculation, methods 
which treat division as the inverse of multipli- 
cation are more useful. Knowledge of the mul- 
tiplication tables should lead us to an answer 
for a problem such as 12 + 4 immediately, since 
we know that 3 x 4 is 12. However, a problem 
such as 84 + 4 is not so easy to solve by direct 
reference to the multiplication table. 

One way to divide 84 by 4 is to note that 84 
is the same as 80 plus 4. Thus 84 + 4 is the 
same as 80 + 4 plus 4 -5- 4. In symbols, this can 
be indicated as follows: 

20 + 1 
4/80 + * 

(When this type of division symbol is used, the 
quotient is written above the vinculum as shown.) 
Thus, 84 divided by 4 is 21. 

From the foregoing example, it can be seen 
that the regrouping is useful in division as well 
as in multiplication. However, the mechanical 
procedure used in division does not include 
writing down the regrouped form of the divi- 
dend. After becoming familiar with the proc- 
ess, we find that the division can be performed 
directly, one digit at a time, with the regrouping 
taki n g place mentally. The following example 
illustrates this: 



14 

4/55 

4_ 

16 

16 



The thought process is as follows: M 4 is con- 
tained in 5 once" (write 1 in tens place over 
the 5); "one times 4 is 4” (write 4 in tens place 
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under 5, take the difference, and bring down 6); 
and "4 is contained in 16 four times” (write 4 
in units place over the 6). After a little prac- 
tice, many people can do the work shown under 
the dividend mentally and write only the quo- 
tient, if the divisor has only 1 digit. 

The divisor is sometimes too large to be 
contained in the first digit of the dividend. The 
following example illustrates a problem of this 
kind: 



36 

7/252 

21 

42 

42 



Since 2 is not large enough to contain 7, we 
divide 7 into the number formed by the first two 
digits, 25. Seven is contained 3 times in 25; we 
write 3 above the 5 of the dividend. Multiplying, 
3 times 7 is 21; we write 21 below the first two 
digits of the dividend. Subtracting, 25 minus 21 
is 4; we write down the 4 and bring down the 2 
in the units place of the dividend. We have now 
formed a new dividend, 42. Seven is contained 
6 times in 42; we write 6 above the 2 of the 
dividend. Multiplying as before, 6 times 7 is 42; 
we write this product below the dividend 42. 
Subtracting, we have nothing left and the divi- 
sion is complete. 



Estimation 

When there are two or more digits in the 
divisor, it is not always easy to determine the 
first digit of the quotient. An estimate must be 
made, and the resulting trial quotient may be 
too large or too small. For example, if 1,862 
is to be divided by 38, we might estimate that 
38 is contained 5 times in 186 and the first digit 
of our trial divisor would be 5. However, mul- 
tiplication reveals that the product of 5 and 38 
is larger than 186. Thus we would change the 5 
in our quotient to 4, and the problem would then 
appear as follows: 



49 

38/1552 

152 

342 

342 



On the other hand, suppose that we had esti- 
mated that 38 is contained in 186 only 3 times. 
We would then have the following: 

3 

38/1552 

114 

72 

Now, before we make any further moves in the 
division process, it should be obvious that some- 
thing is wrong. If our new dividend is large 
enough to contain the divisor before bringing 
down a digit from the original dividend, then the 
trial quotient should have been larger. In other 
words, our estimate is too small. 

Proficiency in estimating trial quotients is 
gained through practice and familiarity with 
number combinations. For example, after a 
little experience we realize that a close esti- 
mate can be made in the foregoing problem by 
thinking of 38 as ’’almost 40.” It is easy to see 
that 40 is contained 4 times in 186, since 4 
times 40 is 160. Also, since 5 times 40 is 200, 
we are reasonably certain that 5 is too large 
for our trial divisor. 



Uneven Division 



In some division problems such as 7 + 3, 
there is no other whole number that, when mul- 
tiplied by the divisor, will give the dividend. 
We use the distributive idea to show how divi- 
sion is done i* such a case. For example, 7 + 3 
could be written as follows: 



CL t 1 ) 

3 




Thus, we see that the quotient also carries one 
unit that is to be di vided by 3. It should now be 
clear that 3/37 = 3/ 36 + 7, and that this can be 
further reduced as follows: 




10 + 2 + 1 . 12 I 



In elementary arithmetic the part of the divi- 
dend that cannot be divided evenly by the divisor 
is often called a REMAINDER and is placed 
next to the quotient with the prefix R. Thus, in 
the foregoing example where the quotient was 

12 y, the quotient could be written 12 R 1. This 
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method of indicating uneven division is useful 
in examples such as the following: 

Suppose that $13 is available for the pur- 
chase ol spare parts, and the parts needed cost 
$3 each. Four parts can be bought with the 
available money, and $1 will be left over. Since 
it is not possible to buy 1/?- of a part, express- 
ing the result as 4 R 1 gives a more meaningful 
answer than 4 1/3. 

Placement of Decimal Points 

In division, as in multiplication, the place- 
ment of the decimal point is important. Deter- 
mining the location of the decimal point and the 
number of places in the quotient can be rela- 
tively simple if the work is kept in the proper 
columns. For example, notice the vertical 
alinement in the following problem: 

311 
31/9^?T 
9 3 

34 

31 

31 

31 

We notice that the first two places in the divi- 
dend are used to obtain the first place in the 
quotient. Since 3 is in the hundreds column 
there are two more places in the quotient (tens 
place and units place). The decimal point in the 
quotient is understood to be directly above the 
position of the decimal point , n the dividend. In 
the example shown here, the Jecimal point is 
not shown but is understood to be immediately 
after the second 1. 

Checking Accuracy 

The accuracy of a division of numbers can 
be cnecxed by multiplying the quotient by the 
divisor and adding the remainder, if any. The 
result should equal the dividend. Consider the 
following example: 



5203 



42/218541 


Check: 5203 


210 


x 42 


85 


10406 


84 


20812 


141 


218526 


126 


+ 15 


15 


218541 



DENOMINATE NUMBERS 

We have learned that denominate numbers 
are not difficult to add and subtract, provided 
that units, tens, hundreds, etc., are retained in 
their respective columns. Multiplication and 
division of denominate numbers may also be 
performed with comparative ease, by using the 
experience gained in addition and subtraction. 

Multiplication 

hi multiplying denominate numbers by inte- 
gers, no new ideas are needed. If in the prob- 
lem 3(5 yd 2 ft 6 in.) we remember that we can 
multiply each part separately to get the correct 
product (as in the example, 6(8) = 6(3) + 6(5)), 
we can easily find the product, as follows: 

5 yd 2 ft 6 in. 

x 3 

15 yd 6 ft 18 in. 

Simplifying, this is 

17 yd 1 ft 6 in. 

When one denominate number is multiplied 
by another, a question arises concerning the 
products of the units of measurement. The 
product of one unit times another of the same 
kind is one square unit. For example, 1 ft 
times 1 ft is 1 square foot, abbreviated sq ft; 
2 in. times 3 in. is 6 sq in.; etc. If it becomes 
necessary to multiply such numbers as 2 yd 1 ft 
times 6 yd 2 ft, the foot units may be converted 
to fractions of a yard, as follows: 

(2 yd 1 ft)(6 yd 2 ft) * (2 1/3 yd)(6 2/3 yd) 

In order to complete the multiplication, a 
knowledge of fractions is needed. Fractions 
are discussed in chapter 4 of this training 
course. 

Division 

The division of denominate numbers requires 
division of the highest units first; and if there 
is a remainder, conversion to the next lower 
unit, and repeated division until all units have 
been divided. 

In the example (24 gal 1 qt 1 pt) * 5, we per- 
form the following steps: 
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Step 1: 4 gal 

5/24 gal 
20 



multiplications may be performed in any order. 
Thus, in 



4 gal (left over) 



4 + 2 + 7 + 5 = 18 



Step 2: Convert the 4 gal left over to 16 qt and 
add to the 1 qt. 

Step 3: 3 qt 

5/TTqt 
15 

2 qt (left over) 

Step 4: Convert the 2 qt left over to 4 pt and 
add to the 1 pt. 



or 

100 - 20 - 10 - 3 = 67 
or 

4x2 x 7x 5 = 280 

the numbers may be combined in any order de- 
sired. For example, they may be grouped easily 
to give 



Step 5: 1 pt 

5/6 pt 

Therefore, 24 gal 1 qt 1 pt divided by 5 is 
4 gal 3 qt 1 pt. 

Practice problems. In problems 1 through 4, 
divide as indicated. In problems 5 through 8, 
multiply or divide as indicated. 



1. 549 + 9 5. 



2. 470/63' 

3. 25/2^00 

4. 64/74,816 


6. 

7. 




8. 


Answers: 




1. 61 


5. 


2. 7 R 29 


6. 


3. 92 


7. 

i 


4. 1,169 


8. 



4 hr 26 min 16 sec 
x 5 

3(4 gal 3 qt 1 pt) 

67 deg 43 min 12 sec 
2 

5/13 lb 11 oz 

22 hr 11 min 20 sic 
14 gal 2 qt 1 pt 
33 deg 51 min 36 sec 
12 lb 11 4/o oz 



ORDER OF OPERATIONS 

When a series of operations involving addi- 
tion, subtraction, multiplication, or division is 
indicated, the order in which the operations are 
performed is important only If division is in- 
volved or if the operations are mixed. A se- 
ries of individual additions, subtractions, or 



and 



and 



6 + 12 = 18 



97 - 30 = 67 



40 x 7 a 280 

A series of divisions should be taken in the 
order written. 

Thus, 



100 + 10 + 2 = 10 + 2 = 5 

In a series of mixed operations, perform 
multiplications first, division next, and finally 
additions and subtractions. 

For example 

100 + 4 x 5 = 100 + 20 ■ 5 



and 



60 - 25 + 5 = 60 - 5 = 55 



Now consider 

60 - 25 + 5 + 15 - 100 + 4 x 10 
= 60 - 25 + 5 + 15 - 100 + 40 
= 60 - 5 + 15 - 100+40 
= 115 - 105 
= 10 

Notice that 25 + 5 could be evaluated at the 
same time that 4 x 10 is evaluated, ^ince no 
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other multiplication is to be performed in the 
first part of the problem. 

Practice problems. Evaluate each of the 
following expressions: 

1. 9 + 3 + 2 

2. 18 - 2 x 5 + 4 

3. 90 + 2 + 9 

4. 75 * 5 x 3 * 5 

5. 7 + 1- 8x4*16 

Answers: 

1. 5 4. 1 

2. 12 5. 6 

3. 5 

MULTIPLES AND FACTORS 

Any number that is exactly divisible by a 
given number is a MULTIPLE of the given 
number. For example, 24 is a multiple of 2, 3, 

4. 6, 8, and 12, since it is divisible by each of 
these numbers. Saying that 24 is a multiple of 
3, for instance, is equivalent to saying that 3 
multiplied by some whole number will give 24. 
Any number is a multiple of itself and also of 1. 

Any number that is a multiple of 2 is an 
EVEN NUMBER. The even numbers begin with 
2 and progress by 2's as follows: 

2, 4, 6, 8, 10, 12, . . . 

Any number that is not a multiple of 2 is an 
ODD NUMBER. The odd numbers begin with 1 
and progress by 2's, as follows: 

1, 3, 5, 7, 9, 11, 13, . . . 

Any number that can be divided into a given 
number without a remainder is a FACTOR of 
the given number. The given number is a mul- 
tiple of any number that is one of its factors. 
For example, 2, 3, 4, 6, 8, and 12 are factors 
of 24. The following four equalities show vari- 
ous combinations of the factors of 24: 

24 = 24 • 1 24 = 8 • 3 

24 - 12 • 2 24 = 6 • 4 

If the number 24 is factored as completely as 
possible, it assumes the form 



ZERO AS A FACTOR 

If any number is multiplied by zero, the 
product is zero. For example, 5 times zero 
equals zero and may be written 5(0) = 0. The 
zero factor law tells us that, if the product of 
two or more factors is zero, at least one of the 
factors must be zero. 

PRIME FACTORS 

A number that has factors other than itself 
and 1 is a COMPOSITE NUMBER. For exam- 
ple, the number 15 is composite. It has the 
factors 5 and 3. 

A number that has no factors except itself 
and 1 is a PRIME NUMBER. Since it is some- 
times advantageous to separate a composite 
number into prime factors, it is helpful to be 
able to recognize a few prime numbers quickly. 
The following series shows all the prime num- 
bers up to 60: 

1, 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 
43, 47, 53, 59. 

Notice that 2 is the only even prime number. 
All other even numbers are divisible by 2. 
Notice also that 51, for example, does not ap- 
pear in the series, since it is a composite num- 
ber equal to 3 x 17. 

If a factor of a number is prime, it is called 
a PRIME FACTOR. To separate a number into 
prime factors, begin by taking out the smallest 
factor. If the number is even, take out all the 
2‘s first, then try 3 as a factor, etc. Thus, we 
have the following example: 

540 = 2 - 270 
=2-2-135 
= 2-2-3-45 
= 2 • 2 • 3 • 3 • 15 
= 2- 2- 3- 3-3-5 

Since 1 is an understood factor of every num- 
ber, we do not waste space recording it as one 
of the factors in a presentation of this kind. 

A convenient way of keeping track of the 
prime factors is in the short division process 
as follows: 

2 /540 

2 /270 

3 /135 

3Z45_ 

3 /15 
5 /5 _ 

1 



O 
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17 

23 



24 = 2 • 2 - 2 • 3 
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If a number is odd, its factors will be odd 
numbers. To separate an odd number into 
prime factors, take out the 3's first, if there 
are any. Then try 5 as a factor, etc. As an 
example, 

5,775 = 3 • 1,925 
=3-5-385 
= 3-5-5-77 
= 3 • 5 • 5 • 7 • 11 

Practice problems: 

1. Which of the following are prime numbers 
and which are composite numbers? 

25, 7, 18, 29, 51 

2. What prime numbers are factors of 36? 

3. Which of the following are multiples of 3? 

45, 53, 51, 39, 47 

4. Find the prime factors of 27. 

Answers*. 

1. Prime: 7, 29 
Composite: 25, 18, 51 

2. 36 = 2 • 2 • 3 • 3 

3. 45, 51, 39 

4. 27 = 3 • 3 • 3 

Tests for Divisibility 

It is often useful to be able to tell by inspec- 
tion whether a number is exactly divisible by 
one or more of the digits from 2 through 9. An 
expression which is frequently used, although it 
is sometimes misleading, is "evenly divisible." 
This expression has nothing to do with the con- 
cept of even and odd numbers, and it probably 
should be avoided in favor of the more descrip- 
tive expression, "exactly divisible." For the re- 
mainder of this discussion, the word "divisible" 



has the same meaning as "exactly divisible." 
Several tests for divisibility are listed in the 
following paragraphs: 

1. A number is divisible by 2 if its right- 
hand digit is even. 

2. A number is divisible by 3 if the sum of 
its digits is divisible by 3. For example, the 
digits of the number 6,561 add to produce the 
sum 18. Since 18 is divisible by 3, we know 
that 6,561 is divisible by 3. 

3. A number is divisible by 4 if the number 
formed by the two right-hand digits is divisible 
by 4. For example, the two right-hand digits of 
the number 3,524 form the number 24. Since 
24 is divisible by 4, we know that 3,524 is di- 
visible by 4. 

4. A number is divisible by 5 if its right- 
hand digit is 0 or 5. 

5. A number is divisible by 6 if it is even 
and the sum of its digits is divisible by 3. For 
example, the sum of the digits of 64,236 is 21, 
which is divisible by 3. Since 64,236 is also an 
even number, we know that it is divisible by 6. 

6. No short method has been found for de- 
termining whether a number is divisible by 7. 

7. A number is divisible by 8 if the number 
formed by the three right-hand digits is divisi- 
ble by 8. For example, the three right-hand 
digits of the number 54,272 form the number 
272, which is divisible by 8. Therefore, we 
know that 54,272 is divisible by 8. 

8. A number is divisible by 9 if the sum of 
its digits is divisible by 9. For example, the 
sum of the digits of 546,372 is 27, which is di- 
visible by 9. Therefore we know that 546,372 
is divisible by 9. 

Practice problems. Check each of the fol- 
lowing numbers for divisibility by all of the 
digits except 7: 

1. 242,431,231,320 

2. 844,624,221,840 

3. 988,446,662,640 

4. 207,634,542,480 

Answers: All of these numbers are divisible 
by 2, 3, 4, 5, 6, 8, and 9. 
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CHAPTER 3 

SIGNED NUMBERS 



The positive numbers with which we have 
worked in previous chapters are not sufficient 
for every situation which may arise. For ex- 
ample, a negative number results in the opera- 
tion of subtraction when the subtrahend is larger 
than the minuend. 

NEGATIVE NUMBERS 

When the subtrahend happens to be larger 
than the minuend, this fact is indicated by plac- 
ing a minus sign in front of the difference, as 
in the following: 

12 - 20 = -8 

The difference, -8, is said to be NEGATIVE. A 
number preceded by a minus sign is a NEGA- 
TIVE NUMBER. The number -8 is read "minus 
eight." Such a number might arise when we 
speak of temperature changes. If the tempera- 
ture was 12 degrees yesterday and dropped 20 
degrees today, the reading today would be 
12 - 20, or -8 degrees. 

Numbers that show either a plus or minus 
sign are called SIGNED NUMBERS. An un- 
signed number is understood to be positive and 
..is treated as though there were a plus sign 
preceding it. 

If it is desired to emphasize the fact that a 
number is positive, a plus sign is placed in 
front of the number, as in +5, which is read 
"plus five." Therefore, either +5 or 5 indi- 
cates that the number 5 is positive. If a num- 
ber is negative, a minus sign must appear in 
front of it, as in -9. 

In dealing with signed numbers it should be 
emphasized that the plus and minus signs have 
two separate and distinct functions. They may 
indicate whether a number is positive or nega- 
tive, or they may indicate the operation of ad- 
dition or subtraction. 

When operating entirely with positive num- 
bers, it is not necessary to be concerned with 
this distinction since plus or minus signs indi- 
cate only addition or subtraction. However, 
when negative numbers are also involved in a 



computation, it is important to distinguish be- 
tween a sign of operation and the sign of a 
number. 

DIRECTION OF MEASUREMENT 

Signed numbers provide a convenient way of 
indicating opposite directions with a minimum 
of words. For example, an altitude 'of 20 ft 
above sea level could be designated as +20 ft. 
The same distance below sea level would then 
be designated as -20 ft. One of the most com- 
mon devices utilizing signed numbers to indicate 
direction of measurement is the thermometer . 

Theimometer 

The Celsius (centigrade) thermometer shown 
in figure 3-1 illustrates the use of positive and 
negative numbers to indicate direction of travel 
above and below 0. The 0 mark is the change- 
over point, at which the signs of the scale num- 
bers change from - to +. 

When the thermometer is heated by the sur- 
rounding air or by a hot liquid in which it is 
placed, the mercury expands and travels up the 
tube. After the expanding mercury passes 0, 
the mark at which it comes to rest is read as a 
positive temperature. If the thermometer is 
allowed to cool, the mercury contracts. After 
passing 0 in its downward movement, any mark 
at which it comes to rest is read as a negative 
temperature. 

Rectangular Coordinate System 

As a matter of convenience, mathematicians 
have agreed to follow certain conventions as to 
the use of signed numbers in directional meas- 
urement. For example, in figure 3-2, a direc- 
tion to the right along the horizontal line is 
positive, while the opposite direction (toward 
the left) is negative. On the vertical line, di- 
rection upward is positive, while direction 
downward is negative. A distance of -3 units 
along the horizontal line indicates a measure- 
ment of 3 units to the left of starting point 0. A 
distance of -3 units on the vertical line indicates 
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Figure 3-1.— Celsius (centigrade) 
temperature scale. 



a measurement of 3 units below the starting 
point. 

The two lines of the rectangular coordinate 
system which pass through the 0 position are 
the vertical axis and horizontal axis. Other 
vertical and horizontal lines may be included, 
forming a grid. When such a grid is used for 
the location of points and lines, the resulting 
"picture" containing points and lines is called a 
GRAPH. 



-3 



-=*- 
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STARTING POINT 



-2 



- -3 

Figure 3-2.— Rectangular 
coordinate system. 



The Number Line 

Sometimes it is important to know the rela- 
tive greatness (magnitude) of positive and nega- 
tive numbers. To determine whether a partic- 
ular number is greater or less than another 
number, think of all the numbers both positive 
and negative as being arranged along a hori- 
zontal line. (See fig. 3-3.) 



L L L L 1 1 1 i 1 1 1 

-5 -4 -3 -2 -I 0 +1 +2 +3 +4 +5 

Figure 3-3.— Number line showing both 
positive and negative numbers. 



Place zero at the middle of the line. Let the 
positive numbers extend from zero toward the 
right. Let the negative numbers extend from 
zero toward the left. With this arrangement, 
positive and negative numbers are so located 
that they progress from smaller to larger num- 
bers as we move from left to right along the 
line. Any number that lies to the right of a 
given number is greater than the given number. 
A number that lies to the left of a given number 
is less than the given number. This arrange- 
ment shows that any negative number is smaller 
than any positive number. 

The symbol for "greater than" is >. The 
symbol for "less than" is <. It is easy to dis- 
tinguish between these symbols because the 
symbol used always opens toward the larger 
number. For example, "7 is greater than 4" 
can be written 7 > 4 and "-5 is less than -1" 
can be written -5 < -1. 
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Absolute Value 

The ABSOLUTE VALUE of a number is its 
numerical value when the sign is dropped. The 
absolute value of either +5 or -5 is 5. Thus, 
two numbers that differ only in sign have the 
same absolute value. 

The symbol for absolute value consists of 
two vertical bars placed one on each side of the 
number, as in I -5 I = 5. Consider also the 
following: 

14 - 20 I = 16 
l+7| = |-7| = 7 

The expression | -7 \ is read "absolute value of 
minus seven." 

When positive and negative numbers are 
used to indicate direction of measurement, we 
are concerned only with absolute value, if we 
wish to know only the distance covered. For 
example, in figure 3-2, if an object moves to 
the left from the starting point to the point in- 
dicated by -2 , the actual distance covered is 2 
units. We are concerned only with the fact that 
1-2 1 = 2, if our only interest is in the distance 
and not the direction. 

OPERATING WITH SIGNED NUMBERS 

The number line can be used to demonstrate 
addition of signed numbers. Two cases must 
be considered; namely, adding numbers with 
like signs and adding numbers with unlike signs. 

ADDING WITH LIKE SIGNS 

As an example of addition with lik6 signs, 
suppose that we use the number line (fig. 3-4) 
to add 2 + 3. Since these are signed numbers, 
we indicate this addition as (+2) + (+3). This 
emphasizes that, among the three + signs shown, 
two are number signs and one is a sign of 
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Figure 3-4.— Using the number line to add. 



operation. Line a (fig. 3-4) above the number 
line shows this addition. Find 2 on the number 
line. To add 3 to it, go three units more in a 
positive direction and get 5. 

To add two negative numbers on the number 
line, such as -2 and -3, find -2 on the number 
line and then go three units more in the nega- 
tive direction to get -5, as in b (fig. 3-4) above 
the number line. 

Observation of the results of the foregoing 
operations on the number line leads us to the 
following conclusion, which may be stated as a 
law: To add numbers with like signs, add the 
absolute values and prefix the common sign. 

ADDING WITH UNLIKE SIGNS 

To add a positive and a negative number, 
such as (-4) + (+5), find +5 on the number line 
and go four units in a negative direction, as in 
line c above the number line in figure 3-4. 
Notice that this addition could be performed in 
the other direction. That is, we could start at 
-4 and move 5 units in the positive direction. 
(See line d, fig. 3-4.) 

The results of our operations with mixed 
signs on the number line lead to the following 
conclusion, which maybe stated as a law: To 
add numbers with unlike signs, find the differ- 
ence between their absolute values and prefix 
the sign of the numerically greater number. 

The following examples show the addition of 
the numbers 3 and 5 with the four possible com- 
binations of signs: 

3-3 3-3 

5 -5 -5 5 

8 T ~- 2 ~ ~ 2 ~ 

In the first example , 3 and 5 have like signs 
and the common sign is understood to be posi- 
tive. The sum of the absolute values is 8 and no 
sign is prefixed to this sum, thus signifying that 
the sign of the 8 is understood to be positive. 

In the second example, the 3 and 5 again have 
like signs, but their common sign is negative. 
The sum of the absolute values is 8, and this 
time the common sign is prefixed to the sum. 
The answer is thus -8. 

In the third example , the 3 and 5 have unlike 
signs. The difference between their absolute 
values is 2 , and the sign of the larger addend is 
negative. Therefore, the answer is -2. 

In the fourth example, the 3 and 5 again have 
unlike signs. The difference of the absolute 
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values is still 2, but this time the sign of the 
larger addend is positive. Therefore, the sign 
prefixed to the 2 is positive (understood) and 
the final answer is simply 2. 

These four examples could be written in a 
different form, emphasizing the distinction be- 
tween the sign of a number and an operational 
sign, as follows: 

(+3) + (+5) = +8 

(-3) + (-5) = -8 

(+3) + (-5) = -2 

(-3) + (+5) = +2 

Practice problems. Add as indicated: 

1. -10 + 5 = (-10) + (+5) = ? 

2. Add -9, -16, and 25 

3. - 7 - 1 - 3 = (-7) + (-1) + (-3) = ? 

4. Add -22 and -13 

Answers: 

1. -5 3. -11 

2. 0 4. -35 

SUBTRACTION 

Subtraction is the inverse of addition. When 
subtraction is performed, we ’’take away” the 
subtrahend. This means that whatever the value 
of the subtrahend, its effect is to be reversed 
when subtraction is indicated. In addition, the 
sum of 5 and -2 is 3. In subtraction, however, 
to take away the effect of the -2, the quantity +2 
must be added. Thus the difference between 
+5 and -2 is +7. 

Keeping this idea in mind, we may now pro- 
ceed to examine the various combinations of 
subtraction involving signed numbers. Let us 
first consider the four possibilities where the 



minuend is numerically greater than the sub- 
trahend, as in the following examples: 

8 8 - 8-8 
_5_ _-5^ 5-5 

3 13 ^13 

We may show how each of these results is 
obtained by use of the number line, as shown in 
figure 3-5. 

In the first example, we find +8 on the num- 
ber line, then subtract 5 by making a movement 
that reverses its sign. Thus, we move to the 
left 5 units. The result (difference) is +3. (See 
line a, fig. 3-5.) 

In the second example, we find +8 on the 
number line, then subtract (-5) by making a 
movement that will reverse its sign. Thus we 
move to the right 5 units. The result in this 
case is +13. (See line b, fig. 3-5.) 

In the third example, we find -8 on the num- 
ber line, then subtract 5 by making a movement 
that reverses its sign. Thus we move to the 
left 5 units. The result is -13. (See line c, 
fig. 3-5.) 

In the fourth example, we find -8 on the 
number line, then reverse the sign of -5 by 
moving 5 units to the right. The result is -3. 
(See line d, fig. 3-5.) 

Next, let us consider the four possibilities 
that arise when the subtrahend is numerically 
greater than the minuend, as in the following 
examples: 

5 5 -5-5 

8-8 8-8 

-3 13 -13 ~3 

In the first example, we find +5 on the num- 
ber line, then subtract 8 by making a movement 




H3 -12-11 HO -9 -8 -7 -6 -5 -4 -3 -2 -I 
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Figure 3-5.— Subtraction by use of the number line. 
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that reverses its sign. Thus we move to the 
left 8 units. The result is -3. (See line e, 
fig. 3-5.) 

In the second example, we find +5 on the 
number line, then subtract -8 by making a move- 
ment to the right that reverses its sign. The 
result is 13. (See line f, fig. 3-5.) 

In the third example, we find -5 on the num- 
ber line, then reverse the sign of 8 by a move- 
ment to the left. The result is -13. (See line g, 
fig. 3-5.) 

In the fourth example, we find -5 on the num- 
ber line, then reverse the sign of -8 by a move- 
ment to the right. The result is 3. (See line h, 
fig. 3-5.) 

Careful study of the preceding examples 
leads to the following conclusion, which is 
stated as a law for subtraction of signed num- 
bers: In any subtraction problem, mentally 

change the sign of the subtrahend and proceed 
as in addition. 

Practice problems. In problems 1 through 4, 
subtract the lower number from the upper. In 
5 through 8, subtract as indicated. 



When the multiplier is negative, as in -3(7), 
we are to take away 7 three times. Thus, -3(7) 
is equal to -(7) - (7) - (7) which is equal to -21. 
For example, if 7 shells were expended in one 
firing, 7 the next, and 7 the next, there would 
be a loss of 21 shells in all. Thus, the rule is 
as follows: The product of two numbers with 
unlike signs is negative. 

The law of signs for unlike signs is some- 
times stated as follows: Minus times plus is 
minus; plus times minus is minus. Thus a 
problem such as 3(-4) can be reduced to the 
following two steps: 

1. Multiply the signs and write down the 
sign of the answer before working with the 
numbers themselves. 

2. Multiply the numbers as if they were un- 
signed numbers. 

Using the suggested procedure, the sign of 
the answer for 3(-4) is found to be minus. The 
product of 3 and 4 is 12, and the final answer 
is -12. When there are more than two numbers 
to be multiplied, the signs are taken in pairs 
until the final sign is determined. 



1. 17 2. -12 


3. -9 


4. 7 


-10 8 


2.13 


16 


5. 1 -(-5) = ? 

6. -6 -(-8) = ? 

7. 14 - 7 -(-3) = ? 

8. -9 - 2 = ? 






Answers: 


1. 27 2. -20 


3. 4 


4. -9 


5. 6 6. 2 

MULTIPLICATION 


7. 10 


8. -11 



To explain the rules for multiplication of 
signed numbers, we recall that multiplication 
of whole numbers may be thought of as short- 
ened addition. Two types of multiplication 
problems must be examined; the first type in- 
volves numbers with unlike signs, and the sec- 
ond involves numbers with like signs. 

Unlike Signs 

Consider the example 3(-4), in which the 
multiplicand is negative. This means we are 
to add -4 three times; that is, 3(-4) is equal to 
(-4) + (-4) + (-4), which is equal to -12. For 
example, if we have three 4-dollar debts, we 
owe 12 dollars in all. 



Like Signs 

When both factors are positive, as in 4(5), 
the sign of the product is positive. We are to 
add +5 four times, as follows: 

4(5) = 5+ 5 + 5 + 5 = 20 

When both factors are negative, as in -4(-5), 
the sign of the product is positive. We are to 
take away -5 four times. 

■4(-5) = -(-5) - (-5) - (-5) - (-5) 

= +5 +5 +5 +5 
= 20 

Remember that taking away a negative 5 is the 
same as adding a positive 5. For example, 
suppose someone owes a man 20 dollars and 
pays him back (or diminishes the debt) 5 dollars 
at a time. He takes away a debt of 20 dollars 
by giving him four positive 5 -dollar bills, or a 
total of 20 positive dollars in all. 

The rule developed by the foregoing example 
is as follows: The product of two numbers with 
like signs is positive. 

Knowing that the product of two positive num- 
bers or two negative numbers is positive, we 
can conclude that the product of any even num- 
ber of negative numbers is positive. Similarly, 
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the product of any odd number of negative num- 
bers is negative. 

The laws of signs may be combined as 10 I- 
lows: M*nus times plus is minus; plus times 
minus is minus; minus times minus is plus; 
plus times plus is plus. Use of this combined 
rule may be illustrated as follows: 

4(-2) • (-5) • (6) • (-3) = -720 

Taking the signs in pairs, the understood plus 
on the 4 times the minus on the 2 produces a 
minus. This minus times the minus on the 5 
produces a plus. This plus times the under- 
stood plus on the 6 produces a plus. This plus 
times the minus on the 3 produces a minus, so 
we know that the final answer is negative. The 
product of the numbers, disregarding their 
signs, is 720; therefore, the final answer is 
-720. 

Practice problems. Multiply as indicated: 

1. 5(-8) = ? 

2. -7(3) (2) = ? 

3. 6(-l) (-4) = ? 

4. -2(3) (-4) (5) (-6) = ? 

Answers: 

1. -40 3. 24 

2. -42 4. -720 

DIVISION 

Because division is the inverse of multipli- 
cation, we can quickly develop the rules for 
division of signed numbers by comparison with 
the corresponding multiplication rules, as in 
the following examples: 

1. Division involving two numbers with un- 
like signs is related to multiplication with un- 
like signs, as tollows: 

3(-4) = -12 

-12 

Therefore, — = -4 

Thus, the rule for division with unlike signs is: 
The quotient of two numbers with unlike signs 
is negative. 

2. Division involving two numbers with like 
signs is related to multiplication with like signs, 
as follows: 



3(-4) = -12 

Therefore, — = 3 

Thus the rule for division with like signs is: 
The quotient of two numbers with like signs is 
positive. 

The following examples show the application 
of the rules for dividing signed numbers: 



12 = 4 


ill = -4 


3 


3 


1 

H* 

to 

II 


12 = - 4 


-3 


-3 



Practice problems. Multiply and divide as 



indicated: 


1. 15 * -5 


3. 


(-3) (4) 
-6 


2. -2(-3)/-6 


4. 


-81/9 


Answers: 


1. -3 


3. 


2 


2. -1 


4. 


-9 



SPECIAL CASES 

Two special cases arise frequently in which 
the laws of signs may be used to advantage. 
The first such usage is in simplifying subtrac- 
tion; the second is in changing the signs of the 
numerator and denominator when division is 
indicated in the form of a fraction. 

Subtraction 

The rules for subtraction may be simplified 
by use of the laws of signs, if each expression 
to be subtracted is considered as being multi- 
plied by a negative sign. For example, 4 -(-5) 
is the same as 4 + 5, since minus times minus 
is plus. This result also establishes a basis 
for the rule governing removal of parentheses. 

The parentheses rule, as usually stated, is: 
Parentheses preceded by a minus sign may be 
removed, if the signs of all terms within the 
parentheses are changed. This is illustrated 
as follows: 

12 -(3 - 2 + 4) = 12 - 3 + 2 - 4 
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The reason for the changes of sign is Clear 
when the negative sign preceding the parenthe- 
ses is considered to be a multiplier for the 
whole parenthetical expression. 

Division in Fractional Form 

Division is often indicated by writing the 
dividend as the numerator, and the divisor as 
the denominator, of a fraction. In algebra, 
every fraction is considered to have three signs. 
The numerator has a sign, the denominator has 
a sign, and the fraction itself, taken as a whole, 
has a sign. In many cases, one or more of 
these signs will be positive, and thus will not be 
shown. For example, in the following fraction 
the sign of the numerator and the sign of the 
denominator are both positive (understood) and 
the sign of the fraction itself is negative: 

_ 4. 

5 

Fractions with more than one negative sign 
are always reducible to a simpler form with at 
most one negative sign. For example, the sign 
of the numerator and the sign of the denomina- 
tor may be both negative. We note that minus 
divided by minus gives the same result as plus 
divided by plus. Therefore, we may change to 
the less complicated form having plus signs 
(understood) for both numerator and denomina- 
tor, as follows: 

-15 = _+15 _ 15 

-5 +5 " 5 

Since -15 divided by -5 is 3, and 15 divided 
by 5 is also 3, we conclude that the change of 
sign does not alter the final answer. The same 
reasoning may be applied in the following ex- 
ample, in which the sign of the fraction itself is 
negative: 

-15 _ +15 _ 15 

' -5 " +5 '5 

When the fraction itself has a negative sign, as 
in this example, the fraction may be enclosed 
in parentheses temporarily, for the purpose of 
working with the numerator and denominator 
only. Then the sign of the fraction is applied 
separately to the result, as follows: 

■ -m - •(» ■ -> 

All of this can be done mentally. 



If a fraction has a negative sign in one of the 
three sign positions, this sign may be moved to 
another position. Such an adjustment is an ad- 
vantage in some types of complicated expres- 
sions involving fractions. Examples of this 
type of sign change follow: 

15 _ -15 _ 15 

5 5 - > 

In the first expression of the foregoing ex- 
ample, the sign of the numerator is positive 
(understood) and the sign of the fraction is neg- 
ative. Changing both of these signs, we obtain 
the second expression. To obtain the third ex- 
pression from the second, we change the sign 
of the numerator and the sign of the denomina- 
tor. Observe that the sign changes in each case 
involve a pair of signs. This leads to the law 
of signs for fractions: Any two of the three 

signs of a fraction may be changed without al- 
tering the value of the fraction. 

AXIOMS AND LAWS 

An axiom is a self-evident truth. It is a 
truth that is so universally accepted that it does 
not require proof. For example, the statement 
that "a straight line is the shortest distance 
between two points" is an axiom from plane 
geometry. One tends to accept the truth of an 
axiom without proof, because anything which is 
axiomati : is, by its very nature, obviously true. 
On the other hand, a law (in the mathematical 
sense) is the result of defining certain quanti- 
ties and relationships and then developing logi- 
cal conclusions from the definitions. 

AXIOMS OF EQUALITY 

The four axioms of equality with which we 
are concerned in arithmetic and algebra are 
stated as follows: 

1. If the same quantity is added to each of 
two equal quantities, the resulting quantities 
are equal. This is sometimes stated as follows: 
If equals are added to equals, the results are 
equal. For example, by adding the same quan- 
tity (3) to both sides of the following equation, 
we obtain two sums which are equal: 

-2 = -3 + 1 
-2 +3= -3 +1+3 
1 = 1 
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2. If the same quantity is subtracted from 
each of two equal quantities, the resulting quan- 
tities are equal. This is sometimes stated as 
follows: If equals are subtracted from equals, 
the results are equal. For example, by sub- 
tracting 2 from both sides of the following equa- 
tion we obtain results which are equal: 

5 = 2 + 3 
5-2 = 2 + 3- 2 

3 = 3 

3. If two equal quantities are multiplied by 
the same quantity, the resulting products are 
equal. This is sometimes stated as follows: If 
equals are multiplied by, equals, the products 
are equal. For example, both sides of the fol- 
lowing equation are multiplied by -3 and equal 
results are obtained: 

5 = 2 + 3 

(-3) (5) = (-3) (2 + 3) 

-15 = -15 

4. If two equal quantities are divided by the 
same quantity, the resulting quotients are equal. 
This is sometimes stated as follows: If equals 
are divided by equals, the results are equal. 
For example, both sides of the following equa- 
tion are divided by 3, and the resulting quotients 
are equal: 

12 + 3 = 15 

12 + 3.15 
3 3 

4 + 1 = 5 

These axioms are especially useful when 
letters are used to represent numbers. If we 
know that 5x = -30, for instance, then dividing 
both 5x and -30 by 5 leads to the conclusion 
that x = -6. 

LAWS FOR COMBINING NUMBERS 

Numbers are combined in accordance with 
the following basic laws: 

1. The associative laws of addition and mul- 
tiplication. 

2. The commutative laws of addition and 
multiplication. 

3. The distributive law. 



Associative Law of Addition 

The word "associative" suggests association 
or grouping. This law states that the sum of 
three or more addends is the same regardless 
of the manner in which they are grouped. For 
example, 6 + 3 + 1 is the same as 6 + (3 + 1) or 
(6 + 3) + 1 or (6 + 1) + 3. 

This law can be applied to subtraction by 
changing signs in such a way that all negative 
signs are treated as number signs rather than 
operational signs. That is, some of the ad- 
dends can be negative numbers. For example, 
6-4-2 can be rewritten as 6 + (-4) + (-2). 
By the associative law, this is the same as 

6 + [(-4) + (-2)] or [6 + (-4)] + (-2). 

However, 6-4-2 is not the same as 6 - (4 - 2); 
the terms must be expressed as addends before 
applying the associative law of addition. 

Associative Law of Multiplication 

This law states that the product of three or 
more factors is the same regardless of the 
manner in which they are grouped. For ex- 
ample, 6 • 3 • 2 is the same as (6 • 3) • 2 or 
6 • (3 * 2) or (6 • 2) • 3. Negative signs require 
no special treatment in the application of this 
law. For example, 6 • (-4) • (-2) is the same 
as [6 -(-4)] -(-2) or 6 -[(-4) -(-2)]. 

Commutative Law of Addition 

The word "commute" means to change, sub- 
stitute or move from place to place. The com- 
mutative law of addition states that the sum of 
two or more addends is the same regardless of 
the order in which they are arranged. For ex- 
ample, 4 + 3 + 2 is the same as 4 + 2 + 3 or 
2 + 4 + 3. 

This law can be applied to subtraction by 
changing signs so that all negative signs be- 
come number signs and all signs of operation 
are positive. For example, 5 - 3 - 2 is changed 
to 5 + (-3) + (-2), which is the same as 5 + (-2) 
+ (-3) or (-3) + 5 + (-2). 

Commutative Law of Multiplication 

This law states that the product of two or 
more factors is the same regardless of the 
order in which the factors are arranged. For 
example, 3 • 4 • 5 is the same as 5 • 3 • 4 or 
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4-3*5. Negative signs require no special 
treatment in the application of this law. For 
example, 2 • (-4) • (-3) is the same as (-4) • 
(-3) • 2 or (-3) • 2 • (-4). 

Distributive Law 

This law combines the operations of addition 
and multiplication. The word ’’distributive” re- 
fers to the distribution of a common multiplier 
among the terms of an additive expression. 
For example, 



2(3 + 4 + 5) = 2*3 + 2*4 + 2*5 
= 6 + 8+10 

To verify the distributive law, we note that 
2(3 + 4 + 5) is the same as 2(12) or 24. Also, 
6 + 8 + 10 is 24. For application of the dis- 
tributive law where negative signs appear, the 
following procedure is recommended: 

3(4 - 2) = 3 [4 + (-2)] 

= 3(4) + 3(-2) 

= 12-6 
= 6 
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CHAPTER 4 

COMMON FRACTIONS 



The emphasis in previous chapters of this 
course has been on integers (whole numbers). 
In this chapter, we turn our attention to num- 
bers which are not integers. The simplest type 
of number other than an integer is a COMMON 
FRACTION. Common fractions and integers 
together comprise a set of numbers called the 
RATIONAL NUMBERS; this set is a subset of 
the set of real numbers. 

The number line may be used to show the 
relationship between integers and fractions. 
For example, if the interval between 0 and 1 is 
marked off to form three equal spaces (thirds), 
then each space so formed is one-third of the 
total interval. If we move along the number line 
from 0 toward 1, we will have covered two of 
the three "thirds" when we reach the second 
mark. Thus the position of the second mark 
represents the number 2/3. (See fig. 4-1.) 





1 

1 1 


1 ** 

1 i i 




2 


1 0 k 


2 



Figure 4-1.— Integers and fractions on the 
number line. 

The numerals 2 and 3 in the fraction 2/3 are 
named so that we may distinguish between them; 
2 is the NUMERATOR and 3 is the DENOMINA- 
TOR. In general, the numeral above the di- 
viding line in a fraction is the numerator and 
the numeral below the line is the denominator. 
The numerator and denominator are the TERMS 
of the fraction. The word "numerator" is re- 
lated to the word "enumerate." To enumerate 
means to "tell how many"; thus the numerator 
tells us how many fractional parts we have in 
the indicated fraction. To denominate means to 
"give a name" or "tell what kind"; thus the de- 
nominator tells us what kind of parts we have 
(halves, thirds, fourths, etc.). 

Attempts to define the word "fraction" in 
mathematics usually result in a statement sim- 
ilar to the following: A fraction is an indicated 



division. Any division maybe 'ndicated by plac- 
ing the dividend over the divisv.- and drawing a 
line between them. By this definition, any num- 
ber which can be written as the ratio of two in- 
tegers (one integer over the other) can be con- 
sidered as a fraction. This leads to a further 
definition: Any number which can be expressed 
as the ratio of two integers is a RATIONAL 
number. Notice that every integer is a rational 
number, because we can write any integer as 
the numerator of a fraction having 1 as its de- 
nominator. For example, 5 is the same as 5/1. 
It should be obvious from the definition that 
every common fraction is also a rational 
number. 

TYPES OF FRACTIONS 

Fractions are often classified as proper or 
improper. A proper fraction is one in which the 
numerator is numerically smaller than the de- 
nominator. An improper fraction has a nu- 
merator which is larger than its denominator. 

MIXED NUMBERS 

When the denominator of an improper frac- 
tion is divided into its numerator, a remainder 
is produced along with the quotient, unless the 
numerator happens to be an exact multiple of 
the denominator. For example, 7/5 is equal to 
1 plus a remainder of 2. This remainder may 
be shown as a dividend with 5 as its divisor, as 
follows: 

7 _ 5 + 2 t 2 
5 5 5 

The expression 1 + 2/5 is a MIXED NUM- 
BER. Mixed numbers are usually written with- 
out showing the plus sign; that is, 1 + 2/5 is 

the same as 1-^or 1 2/5. When a mixed num- 
ber is written as 1 2/5, care must be taken to 
insure that there is a space between the 1 and 
the 2; otherwise, 1 2/5 might be taken to mean 
12/5. 



28 



o 

ERIC 



34 



Chapter 4 -COMMON FRACTIONS 



MEASUREMENT FRACTIONS 

Measurement fractions occur in problems 
such as the following: 

If $2 were spent for a stateroom rug at $3 
per yard, how many yards were bought? If $6 
had been spent we could find the number of yards 
by simply dividing the cost per yard into the 
amount spent. Since 6/3 is 2 , two yards could 
be bought for $6. The same reasoning applies 
when $2 are spent, but in this case we can only 
indicate the amount purchased as the indicated 
division 2/3. Figure 4-2 shows a diagram for 
both the $6 purchase and the $2 purchase. 
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Figure 4-2.— Measurement fractions. 
PARTITIVE FRACTIONS 

The difference between measurement frac- 
tions and partitive fractions is explained as 
follows: Measurement fractions result when we 
determine how many pieces of a given size can 
be cut from a larger piece. Partitive fractions 
result when we cut a number of pieces of equal 
size from a larger piece and then determine the 
size of each smaller piece. For example, if 4 
equal lengths of pipe are to be cut from a 3-foot 
pipe, what is the size of each piece? If the 
problem had read that 3 equal lengths were to 
be cut from a 6-foot pipe, we could find the size 
of each pipe by dividing the number of equal 
lengths into the overall length. Thus, since 6/3 
is 2, each piece would be 2 feet long. By this 
same reasoning in the example, we divide the 
overall length by the number of equal parts to 
get the size of the individual pieces; that is, 
3/4 fcot. The partitioned 6-foot and 3-foot 
pipes are shown in figure 4-3. 
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Figure 4 -3. -Partitive fractions 



EXPRESSING RELATIONSHIPS 

When a fraction is used to express a rela- 
tionship, the numerator and denominator take 
on individual significance. In this frame of 
reference, 3/4 means 3 out of 4, or 3 parts in 
4, or the ratio of 3 to 4. For example, if 1 out 
of 3 of the men in a division are on liberty, then 
it would be correct to state that 1/3 of the 
division are on liberty. Observe that neither of 
these ways of expressing the relationship tells 
us the actual number of men; the relationship 
itself is the important thing. 

Practice problems. 

1. What fraction of 1 foot is 11 inches? 

2. Represent 3 out of 8 as a fraction. 

3. Write the fractions that indicate the rela- 
tionship of 2 to 3; 8 divided by 9; and 6 out of 
7 equal parts. 

3 O Q 

4. The number 6y means 6 r 

Answers: 

1 . 11/12 

2. 3/8 

3. 2/3; 8/9; 6/7 

4. plus 



EQUIVALENT FRACTIONS 

It will be recalled that any number divided 
by itself is 1. For example, 1/1, 2/2, 3/3, 4/4, 
and all other numbers formed in this way, have 
the value 1. Furthermore, any number multi- 
plied by 1 is equivalent to the number itself. 
For example, 1 times 2 is 2, 1 times 3 is 3, 
1 times 1/2 is 1/2, etc. 

These facts are used in changing the form 
of a fraction to an equivalent form which is 
more convenient for use in a particular problem. 
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- 2 

For example, if 1 in the form g- is multiplied by 

3 3 

■g, the product will still have a value of — but 

will be in a different form, as follows: 

_2 3 _ 2-3 _6_ 

2*5 2-5 = 10 

3 

Figure 4-4 shows that j of line a is equal to 

6 

Jq of line b where line a equals line b. Line a 
is marked off in fifths and line b is marked off 
in tenths. It can readily be seen that jq andjy 
measure distances of equal length. 
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Figure 4-4.— Equivalent fractions. 

The markings on a ruler show equivalent 
fractions. The major division of an inch divides 
it into two equal parts. One of these parts 

represents i. The next smaller markings divide 

the inch into four equal parts. It will be noted that 
two of these parts represent the same distance as 

2 > that is, y equals Also, the next smaller 

markings break the inch into 8 equal parts. How 

many of these parts are equivalent to 5- inch? 

The answer is found by noting that 4 equals 4* 

o 2 

Practice problems. Using the divisions on a 
ruler for reference, complete the following 
exercise: 




Answers: 

1. 2 3. 12 

2. 2 4. 4 

A review of the foregoing exercise will re- 
veal that in each case the right-hand fraction 
could be formed by multiplying both the nu- 
merator and the denominator of the left-hand 
fraction by the same number. In each case the 
number may be determined by dividing the de- 
nominator of the right-hand fraction by the de- 
nominator of the left-hand fraction. Thus in 

problem 1, both terms of ^ were multiplied by 2. 

In problem 3, both terms were multiplied by 4. 
It is seen that multiplying both terms of a frac- 
tion by the same number does not change the 
value of the fraction. 

1 2 

Since y equals y, the reverse must also be 
2 1 

true; that is -y must be equal to y. This can 

likewise be verified on a ruler. We have al- 

4 1 12 3 

ready seen that j is the same as 7^, y^r equals y, 

2 1 

and g- equals y. We see that dividing both terms 

of a fraction by the same number does not 
change the value of the fraction. 

FUNDAMENTAL RULE OF FRACTIONS 

The foregoing results are combined to form 
the fundamental rule of fractions, which is 
stated as follows: Multiplying or dividing both 
terms of a fraction by the same number does 
not change the value of the fraction. This is 
one of the most important rules used in dealing 
with fractions. 

The following examples show how the funda- 
mental rule is used: 

1. Change 1/4 to twelfths. This problem is set 
up as follows: 

1-1 

4 ’ 12 

The first step is to determine how many 4's 
are contained in 12. The answer is 3, so we 
know that the multiplier for both terms of the 
fraction is 3, as follows: 

3 1 _ _3 

3 * 4 " 12 
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2. What fraction with a numerator of 6 is equal 
to 3/4? 

SOLUTION: % = t 



We note that 6 contains 3 twice; therefore we 
need to double the numerator of the right-hand 
fraction to make it equivalent to the numerator 
• * of the fraction we seek. We multiply both terms 
of 3/4 by 2, obtaining 8 as the denominator of 
the new fraction, as follows: 

1 1 . 2 . 

8 " 4 * 2 

3. Change 6/16 to eighths. 

SOLUTION: A = ]r 



both terms of the preceding example by 6 re- 
duces the fraction to lowest terms. In computa- 
tion, fractions should usually be reduced to 
lowest terms where possible. 

If the greatest common factor cannot readily 
be found, any common factor may be removed 
and the process repeated until the fraction is in 

18 

lowest terms: Thus, yy could first be divided 
by 2 and then by 3. 

18 ± 2 _9 
48 - 2 " 24 

9*33 
24 * 3 ~ 8 



Practice problems. Reduce the following 
fractions to lowest terms: 



We note that the denominator of the fraction 
which we seek is 1/2 as large as the denomina- 
tor of the original fraction. Therefore the new 
fraction may be formed by dividing both terms 
of the original fraction by 2, as follows: 

6^2 _ 1 
18 * 2 " 8 

Practice problems. Supply the missing num- 



ber in each of the following: 






, 3 30 

A * 8 “ ? 


3 ± -.A 

90 10 


5. ^ s 


12 

72 


,44 _ ?. 
48 “ 12 


4 U 


fi I- 
6 ‘ 5 " 


? 

25 


Answers: 








1. 80 


3. 27 


5. 


6 


2. 11 


4. 36 


6. 


15 


REDUCTION TO LOWEST TERMS 







It is frequently desirable to change a frac- 
tion to an equivalent fraction with the smallest 
possible terms; that is, with the smallest pos- 
sible numerator and denominator. This process 

is called REDUCTION. Thus, gjj reduced to 

lowest terms is y. Reduction can be accom- 
plished by finding the largest factor that is 
common to both the numerator and denominator 
and dividing both of these terms by it. Dividing 



1 iS 

A * 48 



4. 



12 

60 



Answers: 




2 . 



5. 



15 

20 

18 

24 




3. 



35 

56 



6 . 



9 

144 



3. 



5 

8 




IMPROPER FRACTIONS 

Although the "improper” fraction is really 
quite "proper” mathematically, it is usually 
customary to change it to a mixed number. A 

recipe may call for ly cups of milk, but would 

3 

not call for y cups of milk. 

Since a fraction is an indicated division, a 
method is already known for reduction of im- 
proper fractions to mixed numbers. The im- 

proper fraction y may be considered as the di- 
vision of 8. by 3. This division is carried out 
as follows: 



2 R 2 = 2| 

3/8 

6 

2 
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The truth of this can be verified another way: 
1 6 

If 1 equals ■j, then 2 equals g. Thus, 




. 2 6 2 8 
2+ *3'3 + 3'3 



These examples lead to the following con- 
clusion, which is stated as a rule: To change 
an improper fraction to a mixed number, divide 
the numerator by the denominator and write the 
fractional part of the quotient in lowest terms. 



Practice problems. Change the following 
fractions to mixed numbers: 



1. 31/20 3. 65/20 

2. 33/9 4. 45/8 



Thus, 

EXAMPLE: 

SOLUTION: 



Thus, 



2 

Write 5^ as an improper fraction. 

*2 * 2 

5 ? 

1 " 9 

5(9) 45 

1(9) " 9 

45 2 47 

T + 9 = T 

-2 47 

5 9 " 9 



Answers: 



*. 4 4 - 5 f 

OPERATING WITH MIXED NUMBERS 

In computation, mixed numbers are often un- 
wieldy. As it is possible to change any im- 
proper fraction to a mixed number, it is like- 
wise possible to change any mixed number to an 
improper fraction. The problem can be reduced 
to the finding of an equivalent fraction and a 
simple addition. 



In each of these examples, notice that the 
multiplier used in step 2 is the same number as 
the denominator of the fractional part of the 
original mixed number. This leads to the fol- 
lowing conclusion, which is stated as a rule: 
To change a mixed number to an improper frac- 
tion, multiply the whole-number part by the 
denominator of the fractional part and add the 
numerator to this product. The result is the 
numerator of the improper fraction; its denom- 
inator is the same as the denominator of the 
fractional part of the original mixed number. 

Practice problems. Change the following 
mixed numbers to improper fractions: 



EXAMPLE: Change 2^ to an improper fraction. 
SOLUTION: 

Step 1: Write 2^ as a whole number plus a 
fraction, 2 + 

Step 2: Change 2 to an equivalent fraction 
with a denominator of 5, as follows: 

2 ? 

1 ‘ 5 

2(5) _ 10 
1(5) T 

Step 3: Add h? + -g- = tj* 



2 2 ~ 
£ - *20 



Answers: 



1. 



2 . 



6 

5 

51 

20 





3. 

4. 



23 

7 

43 

10 



NEGATIVE FRACTIONS 

A fraction preceded by a minus sign is nega- 
tive. Any negative fraction is equivalent to ?. 
positive fraction multiplied by -1. For example, 
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The number - ^ is read ’’minus two-fifths." 

We know that the quotient of two numbers 
with unlike signs is negative. Therefore, 




This indicates that a negative fraction is equiv- 
alent to a fraction with either a negative nu- 
merator or a negative denominator. 

2 

The fraction -r is read "two over minus 

-o 

-2 

five." The fraction -j is read "minus two 
over five." 

A minus sign in a fraction can be moved 
about at will. It can be placed before the nu- 
merator, before the denominator, or before the 
fraction itself. Thus, 



of likeness applies also to fractions. We can 
add eighths to eighths, fourths to fourths, but 

1 2 

not eighths to fourths. To add inch to j inch 

we simply add the numerators and retain the 
denominator unchanged. The denomination is 
fifths; as with denominate numbers, we add 1 

3 

fifth to 2 fifths to get 3 fifths, or jr. 



LIKE AND UNLIKE FRACTIONS 

We have shown that like fractions are added 
by simply adding the numerators and keeping the 
denominator . Thus , 

3 2 _ 3 + 2 _ 5 

8 + 8 8 = 8 

or 

_5 + _2 J_ 

16 16 “ 16 



-2 2_ 2 Similarly we can subtract like fractions by 

5-5 5 subtracting the numerators. 



Moving the minus sign from numerator to 
denominator, or vice versa, is equivalent to 
multiplying the terms of the fraction by -1. 
This is shown in the following examples: 




_2 

-5 



and 



jlh - a 

^5R) - 5 



1 1 7 - 2 _ 5. 

8 “ 8 8 8 

The following examples will show that like 
fractions may be divided by dividing the nu- 
merator of the dividend by the numerator of 
the divisor. 



A fraction may be regarded as having three 
signs associated with it— the sign of the numer- 
ator, the sign of the denominator, and the sign 
preceding the fraction. Any two of these signs 
may be changed without changing the value of 
the fraction. Thus, 

3 i3 _ _3 = 

"4=4 .4 " -4 

OPERATIONS WITH FRACTIONS 

It will be recalled from the discussion of 
denominate numbers that numbers must be of 
the same denomination to be added. We can add 
pounds to pounds, pints to pints, but not ounces 
to pints. If we think of fractions loosely as de- 
nominate numbers, it will be seen that the rule 



SOLUTION; We may state the problem as a 

1 3 

question: 'How many times does appear in — , 

1 3 

or how many times may -g be taken from-g?" 

3/8 - 1/8 = 2/8 (1) 

2/8 - 1/8 = 1/8 ( 2 ) 

1/8 - 1/8 = 0/8 = 0 (3) 

/ 

We see that 1/8 can be subtracted from 3/8 
three times. Therefore, 

3/8 + 1/8*3 
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When the denominators of fractions are un- 
equal, the fractions are said to be unlike. Ad- 
dition, subtraction, or division cannot be per- 
formed directly on unlike fractions. The 
proper application of the fundamental rule, 
however, can change their form so that they 
become like fractions; then all the rules for 
like fractions apply. 

LOWEST COMMON DENOMINATOR 

To change unlike fractions to like fractions, 
it is necessary to find a COMMON DENOMINA- 
TOR and it is usually advantageous to find the 
LOWEST COMMON DENOMINATOR (LCD). 
This is nothing more than the least common 
multiple of the denominators. 

Least Common Multiple 

if a number is a multiple of two or more 
different numbers, it is called a COMMON 
MULTIPLE. Thus, 24 is a common multiple of 
6 and 2. There are many common multiples of 
these numbers. The numbers 36, 48, and 54, to 
name a few, are also common multiples of 6 
and 2. 

The smallest of the common multiples of a 
set of numbers is called the LEAST COMMON 
MULTIPLE. It is abbreviated LCM. The least 
common multiple of 6 and 2 is 6. To find the 
least common multiple of a set of numbers, 
first separate each of the numbers into prime 
factors. 

Suppose that we wish to find the LCM of 14, 
24, and 30. Separating these numbers into 
prime factors we have 

14 = 2 • 7 
24 = 2 3 • 3 
30 = 2 • 3 • 5 

The LCM will contain each of the various prime 
factors shown. Each prime factor is used the 
greatest number of times that it occurs in any 
one of the numbers. Notice that 3, 5, and 7 each 
occur only once in any one number. On the 
other hand, 2 occurs three times in one number. 
We get the following result: 

LCM - 2 3 • 3 • 5 • 7 
= 840 

Thus, 840 is the least common multiple of 14, 
24, and 30. 



Greatest Common Divisor 

The largest number that can be divided into 
each of two or more given numbers without a 
remainder is called the GREATEST COMMON 
DIVISOR of the given numbers. It is abbreviated 
GCD. It is also sometimes called the HIGHEST 
COMMON FACTOR. 

In finding the GCD of a set of numbers, se- 
parate the numbers into prime factors just as 
for LCM. The GCD is the product of only those 
factors that appear in all of the numbers. Notice 
in the example of the previous section that 2 is 
the greatest common divisor of 14, 24, and 30. 

Find the GCD of 650, 900, and 700. The pro- 
cedure is as follows: 

650 = 2 • 5 2 • 13 
900 = 2 2 • 3 2 • 5 2 
700 = 2 2 • 5 2 • 7 
GCD = 2 • 5 2 = 50 

Notice that 2 and 5 2 are factors of each num- 
ber. The greatest common divisor is 2 x 25 = 50. 

USING THE LCD 

Consider the example 




The numbers 2 and 3 are both prime: so the 
LCD is 6. 



Therefore 



ana — = — 

3 6 

Thus, the addition of and \ is performed as 

2 3 

follows: 



1 1 3 2 5_ 

2 3"6 + 6"6 

In the example 

1 3 

5 + 15 

10 Is the LCD. 
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Therefore, 



5 + 10 



10 + 10 



JL 

10 



1 

2 



Practice problems. Change the fractions in 
each of the following groups to like fractions 
with least common denominators: 



1 ± 1 

A * 3’ 6 

2 A 1 

*• 12’ 3 



, 1 i 2 

**• 2’ 4’ 3 

4 I -1 I 

6* 10’ 5 



EXAMPLE: 



il 

10 7 



Q A 

Here we change y to the mixed number 1 y. Then 



10 y = 10 + 1 + y 



Answers: 

1 1 ^ 

A ‘ 6 ’ 6 

o A A 

12 ’ 12 

ADDITION 



* A A A 

12 ’ 12 ’ 12 

a JL JL JL 

4 * 30* 30’ 30 



It has been shown that in adding like frac- 
tions we add the numerators. In adding unlike 
fractions, the fractions must first be changed so 
that they have common denominators. We apply 
these same rules in adding mixed numbers. It 
will be remembered that a mixed number is an 

indicated sum. Thus, 2 -|is really 2 + y. Add- 
ing can be done in any order. The following 
examples will show the application of these 
rules: 



EXAMPLE: 



2 i 

it 

*1 



This could have been written as follows: 



. 2 - K 2 

5 + 3 - 5 3 



EXAMPLE: 

Add 



- ll i 



i 

4 



’I 



We first change the fractions so that they are 
like and have the least common denominator 
and then proceed as before. 



1 

4 

2 1 
1 3 



_3 

12 

2 A 

1 12 



2 ii 
i 12 



EXAMPLE: 

Add 



2 i* 

1 

4 " 



2 ! 

2 

8 



6 11 
6 IT 



Since 1J equals 1 the final answer is found 
8 8 

as follows: 



35 



3 

ERIC 



41 



MATHEMATICS, VOLUME 1 



6 



11 

8 



6 + 1 + t 




Practice problems. Add, and reduce the 
sums to simplest terms: 



1. 







Answers: 




2 - 2 T 3 - 9 fo 

The following example demonstrates a prac- 
tical application of addition of fractions: 




Figure 4-5.— Adding fractions to obtain 
total length or spacing. 



EXAMPLE: Find the total length of the piece 
of metal shown in figure 4-5 (A). 

SOLUTION: First indicate the sum as follows: 



EXAMPLE: Subtract ll. from 5 — 

3 3 





? 



Changing to like fractions and adding numerators, 



9 12 

16 + 16 



+ 



14 ^ 12 
16 + 16 



+ 



_9_ 56 

16 " 16 




The total length is 3 ^ inches. 




We see that whole numbers are subtracted from 
whole numbers; fractions from fractions. 

EXAMPLE : Subtract 4 from 4 

o 5 



Practice problem. Find the distance from 
the center of the first hole to the center of the 
last hole in the metal plate shown in figure 
4-5 (B). 



4 

5 

1 

8 



Answer: 



2 inches 



Changing to like fractions with an LCD, we have 



SUBTRACTION 

The rule of likeness applies in the sub- 
traction of fractions as well as in addition. 
Some examples will show that cases likely to 
arise may be solved by use of ideas previously 
developed. 



32 

*0 

_5_ 

40 

27 

40 



36 



o 
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EXAMPLE: 



11 2 
Subtract from 3 ^ 




11-11 
12 " 12 



Regrouping 3 we have 



2 



+ 1 



♦A 




_8_ 

12 



Then 




I! - H 
12 " 12 



2 



_9 

12 



2 



3 

4 



Practice problems. Subtract the lower num- 
ber from the upper number and reduce the 
difference to simplest terms: 



1. 



7 

9 





4. 5 



5. 



2 



3 

8 



1 

6 






- Answers: 



1. 



11 

18 






The following problem demonstrates sub- 
traction of fractions in a practical situation. 



EXAMPLE: What is the length of the dimen- 
sion marked X on the machine bolt shown in 
figure 4-6 (A) ? 

SOLUTION: Total the lengths of the known 

parts. 



JL 

4 



+ 



64 




A 32 _ 49 
+ 64 ' 64 



Subtract this sum from the overall length. 



2 = 

49 _ 
64 



1 M 

1 64 

49 

64 



1±5 

64 



The answer is 




inch. 




Figure 4-6.— Finding unknown dimensions 
by subtracting fractions. 

Practice problem. Find the length of the 
dimension marked Y on the machine bolt in 
figure 4-6 (B). 

MULTIPLICATION 

Thefact that multiplication by a fraction does 
not increase the value of the product may con- 
fuse those who remember the definition of mul- 
tiplication presented earlier for whole numbers. 
It was stated that 4(5) means 5 is taken as an 

addend 4 times. How is it then that -|(4) is 2, a 

number less than 4? Obviously our idea of 
multiplication must be broadened. 

Consider the following products: 

4(4) = 16 
3(4) = 12 
2(4) = 8 
1(4) = 4 
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|<4> = 2 
^< 4 ) = 1 

Notice that as the multiplier decreases, the 
product decreases, until, when the mul iplier 
is a fraction, the product is less than 4 and 
continues to decrease as the fraction decreases. 
The fraction introduces the ’’part of” idea: 

”|(4) means ^ of 4; ^(4) means of 4. 

The definition of multiplication stated for 
whole numbers may be extendedto include frac- 
tions. Since 4(5) means that 5 is to be used 4 
times as an addend, we can say that with frac- 
tions the numerator of the multiplier tells how 
many times the numerator of the multiplicand 
is to be used as an addend. By the same rea- 
soning, the denominator of the multiplier tells 
how many times the denominator of the mul- 
tiplicand is to be used as an addend. The fol- 
lowing examples illustrate the use of this idea: 

1. The fraction —is multiplied by the whole 
number 4 as follows: 



_ 1 + 1 + 1 + 1 
12 

_4 _ J_ 

" 12 " 3 

This example shows that 4 (1/12) is the same as 

M 

12 ‘ 

Another way of thinking about the multiplica- 
tion of 1/12 by 4 is as follows: 

4x^=JL + J, + J,. _l_ 

12 12 12 12 12 

- JL =1 

12 3 



From these examples a general rule is 
dev elope*..: To find the product of two or more 
fractions multiply their numerators together 
and write the result as the numerator of the 
product; multiply their denominators and write 
the result as the denominator of the product; 
reduce the answer to lowest terms. 

In using this rule with whole numbers, write 
each whole number as a fraction with 1 as the 
denominator. For example, multiply 4 times 
1/12 as follows: 



_ ± 1 

" 12 " 3 

In using this rule with mixed numbers, re- 
write all mixed numbers as improper frac- 
tions before applying the rule, as follows: 




_ 1 

~ 6 

A second method of multiplying mixed num- 
bers makes use of the distributive law. This 
law states that a multiplier applied to a two-part 
expression is distributed over both parts. For 

example, to multiply 6 — by 4 we may rewrite 

d 

6^as 6 + 1/3. Then the problem can be written 

as 4(6 + 1/3) and the multiplication proceeds as 
follows: 



4(6 + 1/3) = 24 + 4/3 
= 25+1/3 




Cancellation 



2. The fraction 2/3 is multiplied by 1/2 as 
follows: 

lv 2 _ 2 

2 x 3 " 6 

i 

= 3 



Computation can be considerably reduced by 
dividing out (CANCELLING) factors common to 
both the numerator and the denominator. We 
recognize a fraction as an indicated division. 

Thinking of as an indicated division, we re- 
member that we can simplify division by show- 
ing both dividend and divisor as the indicated 



3 
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products of their factors and then dividing like 
factors, or canceling. Thus, 

JL 2.x 3. 

9*3x3 

Dividing the factor 3 in the numerator by 3 in 
the denominator gives the following simplified 
result: 

1 

2x3 _ 2 
3 x 2 “ 3 
1 

This method is most advantageous when done 
before any other computation. Consider the 
example, 




The product in factored form is 

1x3x2 

3x2x5 




Practice problems. Determine the following 
products, using the general rule and canceling 
where possible: 



oo|cji 

X 

H-* 

to 


3. 5 x| 


5 lx* 
3 3 


2 — x — x — 
*‘235 


4- T x 6 

4 


fi 4 _ 1 
6 * 3 6 


Answers: 






1 7 — 
l * * 2 


3. 2f 


5 — 
5 * 9 


2 — 
Z> 15 


4.4} 


fi 1 
6 * 9 



Rather than doing the multiplying and then 
reducing the result it is simpler to cancel 
like factors first, as follows: 

1 1 

lxJjjLl = 1 

3x2x5 5 

1 1 



The following problem illustrates the mul- 
tiplication of fractions in a practical situation. 

EXAMPLE: Find the distance between the cen- 
ter lines of the first and fifth rivets connecting 
the two metal plates shown in figure 4-7 (A). 

SOLUTION: The distance between two adjacent 
rivets, centerline to centerline, is 4 1/2 times 
the diameter <i one of them. 



Likewise, 



1 

1 t 




1 t 
1 



Here we mentally factor 6 to the form 3x2, 
and 4 to the form 2x2. Cancellation is a 
val uab le tool in shortening operations with 
fractions. 

The general rule may be applied to mixed 
numbers by simply changing them to improper 
fractions. 

Thus, 



Thus, 



1 



space - 



4 |x 



5 

8 




45 

16 



There are 4 such spaces between the first and 
fifth rivets. Therefore, the total distance, D, 
is found as follows: 



1 

D = i x 



45 45 

It = 4 



4 
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45 



(A) 



-RIVET SPACING = 4^ DIAMETERS 

— I 



5 






5 



~7~ 









S£ = DIAMETER 



(B) 














-r — o ^ 


% = DIAMETER 


• 

* — RP" . SPACING = — * 



Figure 4-7.— Application of multiplication of fractions 
in determining rivet spacing. 



The distance is 11 -finches 

Practice problem. Find the distance between 
the centers of the two rivets shown in figure 
4-7 (B). * 

Answer: 4 inches 



DIVISION 

There are two methods commonly used for 
performing division with fractions. One is the 
common denominator method and the other is 
the reciprocal method. 

Common Denominator Method 

The common denominator method is an adap- 
tation of the method of like fractions. The rule 
is as follows: Change the dividend and divisor 
to like fractions and divide the numerator of 
the dividend by the numerator of the divisor. 
This method can be demonstrated with whole 
numbers, first changing them to fracti ons with 
1 as the denominator. For example, 12 + 4 can 
be written as follows: 




12 * 4 
"1 + 1 



_ 12+4 

1 

= 3 

If the dividend and divisor are both fractions, 
as in 1/3 divided by 1/ 4, we proceed as follows: 

i a _ _4 . _s_ 

3 4 " 12 12 

_ 4+3 
" 12+12 

4 * 3 
" 1 

= 4* 3 = lj 

Reciprocal Method 

The word '’reciprocal" denotes an inter- 
changeable relationship. It is used in mathe- 
matics to describe a specific relationship be- 
tween two numbers. We say that two numbers 
are reciprocals of each other if their product 

is one. In the example 4 x-^-* 1, the fractions y 

and A are reciprocals. Notice the interchange- 

i&'x j\ 4 is the reciprocal of 4 and 4 is the re- 

4 4 

c _ < ocal of 4. 
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What is the reciprocal of *“■? It must be a 


SOLUTION: 


. . 5 2 5 

1 2 = 2 ' 2 


3 

number which, when multiplied by y, produces 




= 2-5 


the product, 1. Therefore, 




2 


4x7=1 




= 5 


7 

1 1 
i „ t _ 1 

7 7" 1 


Check: 


i 1 

l i 


1 1 


4. What is 


the reciprocal of 3 


We see that \ is the only number that could ful- 
fill the requirement. Notice that the numerator 


SOLUTION: 


i . 0 1 _ 8 .25 
1 6 8 " 8 8 


and denominator of were simply interchanged 




= 8-25 


to get its reciprocal. If we know a number, we 




8 


can always find its reciprocal by dividing 1 by 
the number. Notice this principle in the follow- 




” 25 


ing examples: 


Check: 


iH 

II 

X 


1. What is the reciprocal of 7? 



Check; 



1*7 = 4 



l x L- 1 

i jf 1 



Notice that the cancellation process in this ex- 
ample does not show the usual l’s which result 
when dividing a number into itself. For ex- 
ample, when 7 cancels 7, the quotient 1 could be 
shown beside each of the 7’s. However, since 1 
as a factor has the same effect whether it is 
written in or simply understood, the l’s need 
not be written. 

2. What is the reciprocal of |-? 



i a i-iii 



3 . 

8 



= 8 v 



3 ,° r | 



Check: 



x}= 1. 



The foregoing examples lead to the rule for 
finding the reciprocal of any number: The re- 
ciprocal of a number is the fraction formed 
when 1 is divided by the number. (If the final 
result is a whole number, it can be considered 
as a fraction whose denominator is 1.) A short- 
cut rule which is purely mechanical and does 
not involve reasoning may be stated as follows: 
To find the reciprocal of a number, express 
the number as a fraction and then invert the 
fraction. 

When the numerator of a fraction is 1, the 
reciprocal is a whole number. The smaller the 
fraction, the greater is the reciprocal. For ex- 
ample, the reciprocal of j-qqq 1® 1|000. 

Also, the reciprocal of any whole number is a 
proper fraction. Thus the reciprocal of 50 is 
1 

50 * 

Practice problems. Write the reciprocal of 
each of the following numbers: 



1. 4 



2 1 

L ' 3 



3. 2 g 



4 . 17 



p, ^ 
2 



6 i 
6 * l 



Answers: 



3. What is the reciprocal of "2? 



1 .^ 2.3 



3 1 
5 



4 -r? 



5 t 



6 * 5 
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The reciprocal method of division makes use 
of the close association of multiplication and 
division. In any division problem, we must find 
the answer to the following question; What 
number multiplied by the divisor yields the 
dividend? For example, if the problem is to 
divide 24 by 6, we must find the factor which, 
when multiplied by 6, yields 24. Experience 
tells us that the number we seek is 1/6 of 24. 
Thus, we may rewrite the problem as follows; 

24 + 6 = 4- x 24 
o 

4 

- 1 x U 
” hi 

= 4 

Check: 6 x 4 = 24 

In the example 1-| * 3, we could write 3 x ? = 

1 \ ' The num ^ er we seek must be one-third of 

1 Thus we can do the division by taking one- 

third of 1 that is, we multiply 1 i by the re- 
ciprocal of 3. 



Check: 




speed and the possibility of cancellation of like 
factors, which simplifies the computation. It 
is the suggested method once the principles be- 
come familiar. 



EXAMPLE: | + 4 = ? 

5 



Common Denominator 
Method 


Reciprocal Method 


2 . 4 _ 2 .20 
5 * " 5 5 


2 A 2 1 
T’ 4= 5 *4 


= 2+20 


_ _ t X 1 


_ 2 1 

" 20 10 


5 x (L 

2 

1 

" 10 


EXAMPLE: 2-~ - 3 

3 


= ? 


Common Denominator 
Method 


Reciprocal Method 


2-2--S-3 = -2*1 
3 3 3 


o I,,. 8 1 

2 3 3 " 3 X T 


= 8+9 


8x1 


n 

CO |oo 


"3x3 

8 




" 9 



EXAMPLE: 9 * 1- = ? 

7 



The rule for division by the reciprocal 
method is: Multiply the dividend by the recipro- 
cal of the divisor. This is sometimes stated in 
short form as follows: Invert the divisor and 
multiply. 

The following examples of cases that arise 
in division with fractions will be solved by both 
the reciprocal method and the common denom- 
inator method. The common denominator 
method more clearly shows the division proc- 
ess and is easier for the beginner to grasp. 
The reciprocal method is more obscure as to 
the reason for its use but has the ad vantag e of 



Common Denominator 
Method 

9 + | = §2 * 1 

7 7 7 



= 63+2 




EXAMPLE: 10 - 



Reciprocal Method 






1 



- 9x7 

"1x2 
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Common Denominator 
Method 



10 + 




= 40 * 23 



40 _ i 17 
23 23 



Reciprocal Method 



10 + 5 1 = 10 * 15 

10 x 4 
= 1 x 23 

- 40 _ i 17 
“ 23 23 



EXAMPLE: + 4 = ? 

3 4 



Common Denominator 
Method 

2 1 _ A _ A 

3 * 4 12 12 



Reciprocal Method 

2,I-2 X ± 

3 4 3 1 



fractions, the resulting expression is called 
a complex fraction. The following expression 
is a complex fraction: 



3/5 

374 

This should be read "three-fifths over three- 
fourths" or "three-fifths divided by three- 
fourths." Any complex fraction may be sim- 
plified by writing it as a division problem, as 
follows: 



3/5 3 3 

374 = 5 "4 

t 4 
= 5 * J 

= 4/5 



= 8-5-3 




EXAMPLE: 



_9 . _3 _ ? 

16 10 * 




Common Denominator 
Method 



Reciprocal Method 



Similarly, 

3 I 2 

_ 3 10 ^5 M2 _4 _ i 2L 

0 l"3'2"3 j“3 3 



Complex fractions may also contain an in 
dicated operation in the numerator or denom 
inator or both. Thus, 



_9 _3 _ 45 24 

16 "10 80 80 

= 45-24 

45 _ 15 
24 8 




_9 _3 _ _9 10 

16 " 10 " 16 X 3 

3 5 



U x $ 

8 



15 _ 1 1 



8 



8 



Practice problems. Perform the following 
division by the reciprocal method: 



1. 



2 

8 






2 

16 




4 

6 



1 

2 

9 

5 



+ 



+ 



1 

3 

1 

5 



is a complex fraction. To simplify such a 
fraction we simplify the numerator and denom- 
inator and proceed as follows: 

j_ l .3 2 2 

2 3 _ 6 6 _ 2 

9 1 10 2 

5 + 5 5 

1.2 

6 ' 1 



Answers: 

2 - 1 9 3 * 2 4 -T 

COMPLEX FRACTIONS 




2 

12 



When the numerator or denominator, or both, 
in a fraction are themselves composed of 



Mixed numbers appearing in complex fractions 
usually show the plus sign. 
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Thus, 




might be written 




Practice problems. Simplify the following 
complex fractions: 




Answers: 

1 ^ 2 — O 1 19 A 4Q _2_ 

i. 3 z. 6 6 . i 36 10 3 

Complex fractions may arise in electronics 
when it is necessary to find the total resistance 
of several resistances in parallel as shown in 
figure 4-8. Tho rule is: The total resistance 
of a parallel circuit is 1 divided by the sum of 
the reciprocals of the separate resistances. 
Written as a formula, this produces the follow- 
ing expression: 




EXAMPLE: Find the total resistance of the 
parallel circuit in figure 4-8 (A). Substituting 
the values 3, 4, and 6 for the letters R 1 , R 2 , 
and R 3 , we have the following: 




Figure 4- 8. —Application of complex fractions 
in calculating electrical resistance. 




The LCD of the fractions i i and 4- is 12. 

3 4 6 

Thus, 

R - 1 

JL + -3 + J. 

12 12 12 

J. 

= _9 
12 

_ 12 = 4 
9 3 

= 1 y ohms (measure of resistance). 

Practice problem: Find the total resistance 
of the parallel circuit in figure 4-8 (B). 

Answer: 1 4- ohms. 




44 



50 



CHAPTER 5 

DECIMALS 



The origin and meaning of the word "decimal” 
were discussed in chapter X of this course. Also 
discussed in chapter 1 were the concept of place 
value and the use of the number ten as the base 
for our number system. Another term which is 
frequently used to denote the base of a number 
system is RADIX. For example, two is the 
radix of the binary system and ten is the radix 
of the decimal system. The radix of a number 
system is always equal to the number of differ- 
ent digits used in the system. For example, the 
decimal system, with radix ten, has ten digits: 
0 through 9. 

DECIMAL FRACTIONS 

A decimal fraction is a fraction whose de- 
nominator is 10 or some power of 10, such as 

100, 1,000, or 10,000. Thus, -J, -ig, and 

are decimal fractions. Decimal fractions have 
special characteristics that make computation 
much simpler than with other fractions. 

Decimal fractions complete our decimal 
system of numbers. In the study of whole num- 
bers, we found that we could proceed to the left 
from the units place, tens, hundreds, thousands, 
and on indefinitely to any larger place value, 
but the development stopped with the units place. 
Decimal fractions complete the development so 
that we can proceed to the right of the units 
place to any smaller number indefinitely. 

Figure 5- 1 (A) shows how decimal fractions 
complete the system. It should be noted that as 
we proceed from left to right, the value of each 
place is one -tenth the value of the preceding 
place, and that the system continues uninter- 
rupted with the decimal fractions. 

Figure 5-1 (B) shows the system again, this 
time using numbers. Notice in (A) and (B) that 
the units place is the center of the system and 
that the place values proceed to the right or 
left of it by powers of ten. Ten on the left is 
balanced by tenths on the right, hundreds by 
hundredths, thousands by thousandths, etc. 

Notice that 1/10 is one place to the right of 
the units digit, 1/100 is two places to the right, 



etc. (See fig. 5-1.) U a marker is placed after 
the units digit, we can decide whether a decimal 
digit is in the tenths, hundredths, or thousandths 
position by counting places to the right of the 
marker. In some European countries, the 
marker is a comma; but in the English-speaking 
countries, the marker is the DECIMAL POINT. 

Thus, y q * s written 0.3. To write ~ it is 

necessary to show that 3 is in the second place 
to the right of the decimal point, so a zero is 

inserted in the first place. Thus, is written 

“ 3 

0.03. Similarly, can be written by insert- 
ing zeros in the first two places to the right of 

3 

the decimal point. Thus, is written 0.003. 

In the number 0.3, we say that 3 is in the first 
decimal place; in 0.03, 3 is in the second deci- 
mal place; and in 0.003, 3 is in the third deci- 
mal place. Quiet frequently decimal fractions 
are simply called decimals when written in this 
shortened form. 

WRITING DECIMALS 

Any decimal fraction may be written in the 
shortened formbya simple mechanical process. 
Simply begin at the right-hand digit of the nu- 
merator and count off to the left as many places 
as there are zeros in the denominator. Place 
the decimal point to the left of the last digit 
counted. The denominator may then be dis- 
regarded. If there are not enough digits, as 
many place-holding zeros as are necessary are 
added to the left of the left-hand digit in the 
numerator. 

23 

Thus, in beginning with the digit 3, 

we count off four places to the left, adding two 
0's as we count, and place the decimal point to 
the extreme left. (See fig. 5-2.) Either form 
is read "twenty- three ten- thousandths." 

When a decimal fraction is written in the 
shortened form, there will always be as many 
decimal places in the shortened form as there 
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Figure 5-1.— Place values including decimals. 



23 

10000 




PLAi'E HOLDING 
ZEROS AODEO 



Figure 5-2.— Conversion 
of a decimal fraction 
to shortened form. 



are zeros in the denominator of the fractional 
form. 

Figure 5-3 shows the fraction and 

100000 

what is meant when it is changed to the short- 
ened form. This figure is presented to show 
further that each digit of a decimal fraction 
holds a certain position in the digit sequence 
and has a particular value. 

By the fundamental rule of fractions, it 

should be clear that Writing 

10 100 1000 

the same values in the shortened way, we have 
0.5 = 0.50 = 0.500. In other words, the value of 
a decimal is not changed by annexing zeros at 
the right-hand end of the number. This is not 



24358 

IOQjOOO 



ALSO MEANS 
THE SUM OF ‘ 



TENTHS OR .2 

HUNDREDTHS OR . 04 



THOUSANDTHS OR. 003 

TEN-THOUSANDTHS OR .0005 

HUNDRED-THOUSANDTHS OR .00008 



.24358 



Figure 5-3.— Steps in the conversion of a 
decimal fraction to shortened form. 1 



true of whole numbers. Thus, 0.3, 0.30, ant 
0.300 are equal but 3, 30, and 300 are not equal 
Also notice that zeros directly after the deci- 
mal point do change values. Thus 0.3 is not 
equal to either 0.03 or 0.003. 

Decimals such as 0.125 are frequently seen. 
Although the 0 on the left of the decimal poin‘ 
is not required, it is often helpful. This is par- 
ticularly true in an expression such as 32 *0.1 
In this expression, the lower dot of the divisioi 
symbol must not be crowded against the decimal 
point; the 0 serves as an effective spacer. It 
any doubt exists concerning the clarity of an 
expression such as .125, it should be written a. L 
0.125. 
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Practice problems. In problems 1 through 4, 
change the fractions to decimals. In problems 
5 through 8, write the given numbers as deci- 
mals: 



1 . 


8/100 


5. Four hundredths 


2. 


5/1000 


6. Four thousandths 


3. 


43/1000 


7. Five hundred one ten- 


4. 


32/10000 


thousandths 






8. Ninety- seven thousandths 




Answers: 




1 . 


0.08 


5. 0.04 


2. 


0.005 


6. 0.004 


3. 


0.043 


7. 0.0501 


4. 


0.0032 


8. 0.097 



READING DECIMALS 

To read a decimal fraction in full, we read 
both its numerator and denominator, as in read- 
ing common fractions. To read 0.305, we read 
"three hundred five thousandths." The denomi- 
nator is always 1 with as many zeros as deci- 
mal places. Thus the denominator for 0.14 is 
1 with two zeros, or 100. For 0.003 it is 1,000; 
for 0.101 it is 1,000; and for 0.3 it is 10. The 
denominator may also be determined by count- 
ing off place values of the decimal. For 0.13 
we may think "tenths, hundredths" and the frac- 
tion is in hundredths. In the example 0.1276 we 
may think "tenths, hundredths, thousandths, 
ten-thousandths." We see that the denominator 
is 10,000 and we read the fraction "one thou- 
sand two hundred seventy-six ten-thousandths." 

A whole number with a fraction in the form 
of a decimal is called a MIXED DECIMAL. 
Mixed decimals are read in the same manner 
as mixed numbers. We read the whole number 
in the usual way followed by the word "and" and 
then read the decimal. Thus, 160.32 is read 
"one hundred sixty and thirty-two hundredths." 
The word "and" in this case, as with mixed 
numbers, means plus. The number 3.2 means 
three plus two tenths. 

It is also possible to have a complex deci- 
mal. A COMPLEX DECIMAL contains a com- 
mon fraction. The number 0.3| is a complex 

decimalandis read "three and one-third tenths." 

The number 0.87| means 87^ hundredths. The 

common fraction in each case forms a part of 
the last or right-hand place. 



In actual practice when numbers are called 
out for recording, the above procedure is not 
used. Instead, the digits are merely called out 
in order with the proper placing of the decimal 
point. For example, the number 216.003 is 
read, "two one six point zero zero three." The 
number 0.05 is read, "zero point zero five." 

EQUIVALENT DECIMALS 



Decimal fractions may be changed to equiv- 
alent fractions of higher or lower terms, as is 
the case with common fractions. If each deci- 
mal fraction is rewritten in its common frac- 
tion form, changing to higher terms is accom- 
plished by multiplying both numerator and 
denominator by 10, or 100, or some higher 
power of 10. For example, if we desire to 



change to hundredths, 



we may do so by mul- 



tiplying both numerator and denominator by 10. 
Thus, 



5 _ 50 
10 100 

In the decimal form, the same thing may be ac- 
complished by simply annexing a zero. Thus, 

0.5 = 0.50 

Annexing a 0 on a decimal has the same ef- 
fect as multiplying the common fraction form 
of the decimal by 10/10. This is an application 
of the fundamental rule of fractions. Annexing 
two 0’s has the same effect as multiplying the 
comraonfr action form of the decimal by 100/100; 
annexing three 0's has the same effect as mul- 
tiplying by 1000/ 1000; etc. 

REDUCTION TO LOWER TERMS 

Reducing to lower terms is known as ROUND- 
OFF, or simply ROUNDING, when dealing with 
decimal fractions. If it is desired to reduce 
6.3000 to lower terms, we may simply drop as 
many end zeros as necessary since this is 
equivalent to dividing both terms of the fraction 
by some power of ten. Thus, we see that 6.3000 
is the same as 6.300, 6.30, or 6.3. 

It is frequently necessary to reduce a num- 
ber such as 6.427 to some lesser degree of 
precision. For example, suppose that 6.427 is 
to be rounded to the nearest hundredth. The 
question to be decided is whether 6.427 is closer 
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to 6.42 or 6.43. The best way to decide this 
question is to compare the fractions 420/1000, 
427/1000, and 430/1000. It is obvious that 
427/1000 is closer to 430/1000, and 430/1000 
is equivalent to 43/100; therefore we say that 
6.427, correct to the nearest hundredth, is 6.43. 

A mechanical rule for rounding off can be 
developed from the foregoing analysis. Since 
the digit in the tenths place is not affected when 
we round 6.427 to hundredths, we may limit our 
attention to the digits in the hundredths and 
thousandths places. Thus the decision reduces 
to the question whether 27 is closer to 20 or 30. 
Noting that 25 is halfway between 20 and 30, it 
is clear that anything greater than 25 is closer 
to 30 than it is to 20. 

In any number between 20 and 30, if the digit 
in the thousandths place is greater than 5, then 
the number formed by the hundredths and thou- 
sandths digits is greater than 25. Thus we 
would round the 27 in our original problem to 
30, as far as the hundredths and thousandths 
digits are concerned. This result could be sum- 
marized as follows: When rounding to hun- 

dredths, if the digit in the thousandths place is 
greater than 5, increase the digit in the hun- 
dredths place by 1 and drop the digit in the 
thousandths place. 

The digit in the thousandths place may be 
any one of the ten digits, 0 through 9. If these 
ten digits are split into two groups, one com- 
posed of the five smaller digits (0 through 4) 
and the other composed of the five larger digits, 
then 5 is counted as one of the larger digits. 
Therefore, the general rule for rounding off is 
stated as follows: If the digit in the decimal 
place to be eliminated is 5 or greater, increase 
the digit in the next decimal place to the left 
by 1. If the digit to be eliminated is less than 5, 
leave the retained digits unchanged. 

The following examples illustrate the rule 
for rounding off: 

1. 0.1414 rounded to thousandths is 0.141. 

2. 3.147 rounded to tenths is 3.1. 

3. 475 rounded to the nearest hundred is 500. 

Observe carefully that the answer to exam- 
ple 2 is not 3.2. Some trainees make the error 
of treating the rounding process as a kind of 
chain reaction, in which one first rounds 3.147 
to 3.15 and then rounds 3.15 to 3.2. The error 
of this method is apparent when we note that 
147/1000 is closer to 100/1000 than it is to 
200/1000. 

Problems of the following type are some- 
times confusing: Reduce 2.998 to the nearest 



hundredth. To drop the end figure we must in- 
crease the next figure by 1. The final result is 
3.00. We retain the zeros to show that the an- 
swer is carried to the nearest hundredth. 

Practice problems. Round off as indicated: 

1. 0.5862 to hundredths 

2. 0.345 to tenths 

3. 2346 to hundreds 

4. 3.999 to hundredths 

Answers: 

1. 0.59 3. 2300 

2. 0.3 4. 4.00 



CHANGING DECIMALS 
TO COMMON FRACTIONS 

Any decimal may be reduced to a common 
fraction. To do this we simply write out the 
numerator and denominator in full and reduce 
to lowest terms. For example, to change 0.12 
to a common fraction, we simply write out the 
fraction in full, 

12 

100 

and reduce to lowest terms, 

3 

it 1 
IM = 25 
25 

Likewise, 0.77 is written 

TL 

100 

but this is in lowest terms so the fraction can- 
not be further reduced. 

Oneway of checkingto see if a decimal frac- 
tion can be reduced to lower terms is to con- 
sider the makeup of the decimal denominator. 
The denominator is always 10 or a power of 10. 
Inspection shows that the prime factors of 10 
are 5 and 2. Thus, the numerator must be di- 
visible by 5 or 2 or both, or the fraction cannot 
be reduced. 

EXAMPLE: Change the decimal 0.0625 to a 

common fraction and reduce to lowest terms. 
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SOLUTION: 0.0625 = 



- 625 



10000 

625 * 25 
10000 + 25 

i_ 

16 



25 

400 



Complex decimals are changed to common 
fractions by first writing out the numerator and 
denominator in full and then reducing the re- 
sulting complex fraction in the usual way. For 

example, to reduce 0.12-, we first write 

U 



100 



Writing the numerator as an improper fraction 
we have 



25 

2 

100 



and applying the reciprocal method of division, 
we have 



25 ,1 
2 x 100 



1 

8 



Practice problems. Change the following 
decimals to common fractions in lowest terms: 



0.25 


3. 0.6- 
4 


0.375 


4. 0.03^ 
0 


Answers: 




1/4 


3. 5/8 


3/8 


4. 4/125 



CHANGING COMMON 
FRACTIONS TO DECIMALS 

The only difference between a decimal frac- 
tion and a common fraction is that the decimal 
fraction has 1 with a certain number of zeros 
(in other words, a power of 10) for a denomina- 
tor. Thus, a common fraction can be changed 



to a decimal if it can be reduced to a fraction 
having a power of 10 for a denominator. 

If the denominator of the common fraction in 
its lowest terms is made up of the prime fac- 
tors 2 or 5 or both, the fraction can be con- 
verted to an exact decimal. If some other prime 
factor is present, the fraction cannot be con- 
verted exactly. The truth of this is evident 
when we consider the denominator of the new 
fraction. It must always be 10 or a power of 10, 
and we know the factors of such a number are 
always 2’s and 5's. 

The method of converting a common fraction 
to a decimal is illustrated as follows: 

EXAMPLE: Convert 3/4 to a decimal. 



SOLUTION: 



3 

4 



300 

400 

300 _1_ 

4 x 100 



= 75 x 



= 0.75 



1 

100 



Notice that the original fraction could have been 
rewritten as 3000/4000, in which case the re- 
sult would have been 0.750. On the other hand, 
if the original fraction had been rewritten as 
30/ 40, the resulting division of 4 into 30 would 
not have been possible without a remainder. 
When the denominator in the original fraction 
has only 2's and 5's as factors, so that we know 
a remainder is not necessary, the fraction 
should be rewritten with enough 0* s to complete 
the division with no remainder. 

Observation of the results in the foregoing 
example leads to a shortcut in the conversion 
method. Noting that the factor 1/100 ultimately 
enters the answer in the form of a decimal, we 
could introduce the decimal point as the final 
step without ever writing the fraction 1/100. 
Thus the rule for changing fractions to deci- 
mals is as follows: 

1. Annex enough 0 ( s to the numerator of the 
original fraction so that the division will be 
exact (no remainder). 

2. Divide the original denominator into the 
new numerator formed by annexing the 0's. 

3. Place the decimal point in the answer so 
that the number of decimal places in the answer 
is the same as the number of 0*s annexed to the 
original numerator. 
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If a mixed number in common fraction form 
is to be converted, convert only the fractional 
part and then write the two parts together. This 
is illustrated as follows: 

2| = 2 + | = 2 + .75 = 2.75 



Practice problems. Convert the following 
common fractions and mixed numbers to deci- 
mal form: 



1. 



1 

4 




Answers: 





1. 0.25 2. 0.375 



3. 0.15625 4. 2.3125 



When a common fraction generates such a 
repeating decimal, it becomes necessary to 
arbitrarily select a point at which to cease the 
repetition. This may be done in two ways. We 
may write the decimal fraction by rounding off 
at the desired point. For example, to round off 

the decimal generated by | to hundredths, we 

carry the division to thousandths, see that this 
figure is less than 5, and drop it. Thus, J 

u 

rounded to hundredths is 0.33. The other method 
is to carry the division to the desired number 
of decimal places and carry the remaining in- 
complete division as a common fraction— that 
is, we write the result of a complex decimal. 

For example, | carried to thousandths would be 



Nonterminating Decimals 

As stated previously, if the denominator of a 
common fraction contains some prime factor 
other than 2 or 5, the fraction cannot be con- 
verted completely to a decimal. When such 
fractions are converted according to the fore- 
going rule, the decimal resulting will never 
terminate. Consider the fraction 1/3. Apply- 
ing the rule, we have 



.333 ... 

3/1.0000 

9_ 

10 

_9 

10 

_9 

The division will continue indefinitely. Any 
common fraction that cannot be converted ex- 
actly yields a decimal that will never terminate 
and in which the digits sooner or later recur. 
In the previous example, the recurring digit 
was 3. In the fraction 5/11, we have 

.4545 
11/5.0000 
4 4 
60 
55 
50 
44 
60 
55 

The recurring digits are 4 and 5. 




• 333 l 

3/1.000 

_9 

10 

J 

10 

_9 

1 



Practice problems. Change the following 
common fractions to decimals with three places 
and carry the incomplete division as a common 
fraction: 






4. 



_5 

12 



Answers: 

1. 0.538j| 

2. 0.555| 



3. 0.266| 

3 

4. 0.4 16| 

3 



OPERATION WITH DECIMALS 

In the study of addition of whole numbers, it 
was established that units must be added to 
units, tens to tens, hundreds to hundreds, etc. 
For convenience, in adding several numbers, 
units were written under units, tens under tens, 
etc. The addition of decimals is accomplished 
in the same manner. 
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ADDITION 



Answers; 



In adding decimals, tenths are written under 
tenths, hundredths under hundredths, etc. When 
this is done, the decimal points fall in a straight 
line. The addition is the same as in adding 
whole numbers. Consider the following example: 

2.18 

34.35 

0.14 

4.90 

41.57 



1. 19.664 3. 19.6 

2. 22.541 4. 1.884 

MULTIPLICATION 

Multiplication of a decimal by a whole num- 
ber maybe explained by expressing the decimal 
as a fraction. 

EXAMPLE; Multiply 6.12 by 4. 



Adding the first column on the right gives 17 
hundredths or 1 tenth and 7 hundredths. As 
with whole numbers, we write the 7 under the 
hundredths column and add the 1 tenth in the 
tenths column— that is, the column of the next 
higher order. The sum of the tenths column is 
15 tenths or 1 unit and 5 tenths. The 5 is writ- 
ten under the tenths column and the 1 is added 
in the units column. 

It is evident that if the decimal points are 
kept in a straight line— that is, if the place 
values are kept in the proper columns— addition 
with decimals may be accomplished in the ordi- 
nary manner of addition of whole numbers. It 
should also be noted that the decimal point of 
the sum falls directly under the decimal points 
of the addends. 

SUBTRACTION 

Subtraction of decimals likewise involves no 
new principles. Notice that the place values of 
the subtrahend in the following example are 
fixed directly under the corresponding place 
values in the minuend. Notice also that this 
causes the decimal points to be alined and that 
the figures in the diff erence (answer) also re- 
tain the correct columnar alinement. 

45.76 

-31.87 



13.89 



SOLUTION: 



4 612 _ 2448 

1 100 " 100 

= 24.48 



When we perform the multiplication keeping 
the decimal form, we have 

6.12 

4 

24.48 



By common sense, it is apparent that the whole 
number 4 times the whole number 6, with some 
fraction, will yield a number in the neighbor- 
hood of 24. Hence, the placing of the decimal 
point is reasonable. 

An examination of several examples will re- 
veal that the product of a decimal and a whole 
number has the same number of decimal places 
as the factor containing the decimal. Zeros, if 
any, at the end of the decimal should be rejected. 



Multiplication of Two Decimals 

To show the rule for multiplying two deci- 
mals together, we multiply the decimal in frac- 
tional form first and then in the conventional 
way, as in the following example: 

0.4 x 0.37 



We subtract column by column, as with whole 
numbers, beginning at the right. 

Practice problems. Add or subtract as 
indicated: 

1. 12.3 + 2.13 + 4 + 1.234 

2. 0.5 + 0.04 + 12.001 + 10 

3. 237.5 - 217.9 

4. 9.04 - 7.156 



Writing these decimals as common fractions, 
we have 

4 _37 _ 4 x 37 

10 100 10 x 100 

_ 148. 

" 1000 

= 0.148 
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In decimal form the problem is 

0.37 

0.4 

0.148 



Practice problems 

1. 3.7 x 0.02 

3. 6.5 

xO.Ol 



Multiply as indicated: 

2. 0.45 x 0.7 

4. 0.0073 
x5.4 



The placing of the decimal point is reasonable, 
since 4 tenths of 37 hundredths is a little less 
than half of 37 hundredths, or about 15 hun- 
dredths. 

Consider the following example: 

4.316 x 3.4 

In the common fraction form, we have 

4316 x 34 _ 4313 x 34 
1000 10 " 1000 x 10 

146744 

10000 

= 14.6744 

In the decimal form the problem is 

4.316 

3.4 

17264 

12948 

14.6744 



Answers: 

1. 0.074 2. 0.315 

3. 0.065 4. 0.03942 

Multiplying by Powers of 10 

Multiplying by a power of 10 (10, 100, 1,000, 
etc.) is done mechanically by simply moving 
the decimal point to the right as many places 
as there are zeros in the multiplier. For ex- 
ample, 0.00687 is multiplied by 1,000 by mov- 
ing the decimal point three places to the right 
as follows: 

1,000 x 0.00687 = 6.87 

Multiplying a number by 0.1, 0.01, 0.001, 
etc., is done mechanically by simply moving 
the decimal point to the left as many places as 
there are decimal places in the multiplier. For 
example, 348.2 is multiplied by 0.001 by moving 
the decimal point three places to the left as 
follows: 

348.2 x 0.001 = 0.3482 



We note that 4 and a fraction times 3 and a 
fraction yields a product in the neighborhood of 
12. Thus, the decimal point is in the logical 
place. 

In the above examples it should be noted in 
each case that when we multiply the decimals 
together we are multiplying the numerators. 
When we place the decimal point by adding the 
number of decimal places in the multiplier and 
multiplicand, we are in effect multiplying the 
denominators. 

When the numbers multiplied together are 
thought of as the numerators, the decimal points 
may be temporarily disregarded and the num- 
bers may be considered whole. This justifies 
the apparent disregard for place value in the 
multiplication of decimals. We see that the 
rule for multiplying decimals is only a modifi- 
cation of the rule for multiplying fractions. 

To multiply numbers in which one or more 
of the factors contain a decimal, multiply as 
though the numbers were whole numbers. Mark 
off as many decimal places in the product as 
there are decimal places in the factors together. 



DIVISION 

When the dividend is a whole number, we 
recognize the problem of division as that of 
converting a common fraction to a decimal. 
Thus in the example 5 + 8, we recall that the 
problem could be written 

5000 + o _ 5000 * 8 
1000 ? * 1000 

= 62 SL 

" 1000 

= .625 

This same problem may be worked by the 
following, more direct method: 

* .625 



20 

16 

40 

40 
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Since ai' decimals generated by division 
terminate rc .u'iy that in the above exam- 
ple, if at all, it should be predetermined as to 
how many decimal places it is desired to carry 
the quotient. If it is decided to terminate a 
quotient at the Miird decimal place, the division 
should be carried to the fourth place so that the 
correct rounding off to the third place may be 
determined. 

When the dividend contains a decimal, the 
same procedure applies as when the dividend is 
whole. Notice the following examples (rounded 
to three decimal places): 

1. 6.31 + 8 



2. 0.0288 * 32 



.7887 = .789 
8/6.3100 
5_6 
71 
64 
70 
64 
60 
56 
4 

0.0009 = 0.001 
32/0.0288 
288 



Observe in each case (including the case 
where the dividend is whole), that the quotient 
contains the same number of decimal places as 
the number used in the dividend. Noiico also 
that the place values are rigid; that is, tenths 
in the quotient appear over tenths in the divi- 
dend, hundredths over hundredths, etc. 

Practice problems. In the following division 
problems, round off each quotient correct to 
three decimal places. 



1. 10 * 6 3. 2.743 * 77 

2. 23.5 + 16 4. 1.00 * 3 



Answers: 

1. 1.667 3. 0.036 

2. 1.469 4. 0.333 

Decimal Divisors 

In the foregoing examples, the divisor in 
each case was an integer. Division with divi- 
sors which are decimals may be accomplished 
by changing the divisor and dividend so that the 
divisor becomes a whole number. 
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Recalling that every division expression may 
be written in fraction form, we use the funda- 
mental rule of fractions as follows: Rewrite 

the division problem as a fraction. Multiply 
the numerator (dividend) and denominator (divi- 
sor) by 10, 100, or some higher power of 10; 
the power of 10 must be large enough to change 
the divisor to a whole number. This rule is 
illustrated as follows: 

2.538 * 0.24 = MP 

0.24 

_ 2.568 _ 100 

" 0.24 x 100 

_ 256.8 

" 24 

Thus 2.568 divided by 0.24 is the same as 256.8 
divided by 24. 

From the mechanical standpoint, the fore- 
going rule has the effect of moving the decimal 
point to the right, as many places as necessary 
to change the divisor to an integer. Therefore 
the rule is sometimes stated as follows: When 
the divisor is a decimal, change it to a whole 
number by moving the decimal point to the 
right. Balance the change in the divisor by 
moving the decimal point in the dividend an 
equal number of places to the right. 

The following example illustrates this ver- 
sion of the rule: 

9 1.1 

0.9a/81.9a9 



The inverted v, called a caret, is used as a 
marker to indicate the new position of the deci- 
mal point. Notice that the decimal point in the 
quotient is placed immediately above the caret 
in the dividend. Alinement of the first quotient 
digit immediately above the 1 in the dividend, 
and the second quotient digit above the 9, as- 
sures that these digits are placed properly with 
respect to the decimal point. 

Practice problems. In the following division 
problems, round off each quotient to three dec- 
imal places: 

1. 0.02958 * 0.12 

2. 30.625 + 3.5 

Answers: 

1. 0.247 

2. 8.750 



3. 4610 + 0.875 

4. 0.000576 + 0.008 

3. 5268.571 

4. 0.072 





MAx HEMATICS, VOLUME 1 



Dividing by Powers of 10 

Division of any number by 10, 100, 1,000, 
etc., is really just an exercise in placing the 
decimal point of a decimal fraction. Thus, 
5,031 * 100 may be thought of as the decimal 

fraction to remove the denominator, we 

simply count off two places irom the right. 
Thus, 



The foregoing rule is based on the fact that 
0,1 is really jq, 0.01 is jqq> 0.001 is Jqqq> etc. 
For example, 



23 - 0.1 = 23 + ^ 



= 23 x 



10 



= 230 



5031 

100 



50.31 



The following three examples serve to illus- 
trate this procedure further: 



401 * 10 = 40.1 



Notice that dividing by 0.1 is the same as 
multiplying by 10. Likewise, 



234.1 + 0.001 = 234.1 

i 



1 

1000 



= 234.1 x 



1000 

1 



2 *: 1,000 = .002 

11,431 + 100 = 114.31 



and 



= 234,100 



If the dividend already contains a decimal 
part, begin counting with the first number to 
theleftof the decimalpoint, Thus, 243.6 *100 = 
2.436. When the decimal point is not shown in 
a number, it is always considered to be to the 
right of the right-hard digit. 

Dividing by 0.1, 0.01, 0.001, etc., may also 
be accomplished by a simple mechanical rule. 
We simply begin at the position of the decimal 
point in the dividend and count off as many 
places to the right as there are decimal places 
in the divisor. The decimalpoint is then placed 
to the right of the last digit counted. If there 
are not enough digits, zeros may be added. 



24 * 0.01 = 24 *^=24k^ = 2,400 



Practice problems, 
the decimal point. 

1. 276 * 100 
2. 2,845 * 1,000 

Answers: 

1. 2.76 

2. 2.845 



Divide by relocation of 

3. 276 * 0.01 

4. 2,845 * 0.001 

3. 27,600 

4. 2,845,000 
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CHAPTER 6 

PERCENTAGE AND MEASUREMENT 



In the discussion of decimal fractions, it was 
shown th?*t for convenience in writing fractions 
whose denominators are 10 or some power of 
10, the decimal point could be employed and the 
denominators cou 1 ' 1 te dropped. Thus, this spe- 
cial group of fractions could be written in a 
much simpler way- As earl> as the 15th cen- 
tury, business*" o made use of certain decimal 
fractions so _-.h that they gave them the spe- 
cial design on PERCENT. 

MEANING OF PERCENT 

The word "percent" is derived from Latin. 
It was originally "per centum," which means 
"by the hundred." Thus the statement is often 
made that "percent means hundredths." 

Percentage deals with the group of decimal 
fractions whose denominators are 100— that is, 
fractions of two decimal places. Since hun- 
dredths were used so frequently, the decimal 
point was dropped and the symbol % was placed 
after the number and read "percent" (per 100). 
Thus, 0.15 and 15% represent the same value, 
15/100. The first is read "15 hundredths," and 
the second is read "15 percent." Both mean 15 
parts out of 100. 

Ordinarily, percent is used in discussing 
relative values. For example, 25 percent may 
convey an idea of relative value or relationship. 
To say "25 percent of the crew is ashore" gives 
an idea of what part of the crew is gone, but it 
does not tell how many. For example, 25 per- 
cent of the crew would represent vastly different 
numbers if the comparison were made between 
an LSM and a cruiser. When it is necessary 
to use a percent in computation, the number is 
written in its decimal form to avoid confusion. 

By converting all decimal fractions so that 
they had the common denominator 100, men 
found that they could mentally visualize the 
relative size of the part of the whole that was 
being considered. 

CHANGING DECIMALS TO PERCENT 

Since percent means hundredths, any decimal 
may be changed to percent by first expressing 



it as a fraction with 100 as the denominator. 
The numerator of the fraction thus formed in- 
dicates how many hundredths we have, and 
therefore it indicates "how many percent" we 
have. For example, 0.36 is the same as 36/100. 
Therefore, 0.36 expressed as a percentage 
would be 36 percent. By the same reasoning, 
since 0.052 is equal to 5.2/100, 0.052 is the 
same as 5.2 percent. 

In actual practice, the step in which the de- 
nominator 100 occurs is seldom written down. 
The expression in terms of hundredths is con- 
verted mentally to percent. This results in the 
following rule: To change a decimal to percent, 
multiply the decimal by 100 and annex the per- 
cent sign (%). Since multiplying by 100 has the 
effect of moving the decimal point two places to 
the right, the rule is sometimes stated as fol- 
’ows: To change a decimal to percent, move 
the decimal point two places to the right and 
annex the percent sign. 

Changing Common Fractions and 
Whole Numbers To Percent 

Common fractions are changed to percent by 
first expressing them as decimals. For exam- 
ple, the fraction 1/4 is equivalent to the deci- 
mal 0.25. Thus 1/4 is the same as 25 percent. 

Whole numbers may be considered as special 
types of decimals (for example, 4 may be writ- 
ten as 4.00) and thus may be expressed in terms 
of percentage. The meaning of an expression 
such as 400 percent is vague unless we keep in 
mind that percentage is a form of comparison. 
For example, a question which often arises is 
"How can I have more than 100 percent of some- 
thing, if 100 percent means all of it?" 

This question seems reasonable, if we limit 
our attention to such quantities as test scores. 
However, it is also reasonable to use percent- 
age in comparing a current set of data with a 
previous set. For example, if the amount of 
electrical power used by a Navy facility this 
year is double the amount used last year, then 
this year's power usage is 200 percent of last 
year's usage. 
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The meaning of a phrase such as "200 per- 
cent of last year's usage" is often misinter- 
preted. A total amount that is 200 percent of 
the previous amount is not the same as an in- 
crease of 200 percent. The increase in this 
case is only 100 percent, for a total of 200. If 
the increase had been 200 percent, then the 
new usage figure would be 300 percent of the 
previous figure. 

Baseball batting averages comprise a spe- 
cial case in which percentage is used with only 
occasional reference to the word "percent." 
The percentages In batting averages are ex- 
pressed in their decimal form, with the figure 
1.000 representing 100 percent. Although a 
batting average of 0.300 is referred to as "bat- 
ting 300," this is actually erroneous nomencla- 
ture from the strictly mathematical standpoint. 
The correct statement, mathematically, would 
be "batting point three zero zero" or "batting 
30 percent." 

Practice problems. Change each of the fol- 
lowing numbers to percent: 

1. 0.0065 3. 0.363 5. 7 

2. 1.25 4. 3/4 6. 1/2 

Answers: 



Answers: 

1. 0.025 3. 1.25 5. 5.75% * 0.0575 

2. 0.0063 4. 0.25 6. 9.50% = 0.095 

THE THREE PERCENTAGE CASES 

To explain the cases that arise in problems 
involving percents, it is necessary to define the 
terms that will be used. Rate (r) is the number 
of hundredths parts taken. This is the number 
followed by the percent sign. The base (b) is 
the whole on which the rate operates. Percent- 
age (p) is the part of the base determined by 
the rate. In the example 

5% of 40 = 2 

5% is the rate, 40 is the base, and 2 is the 
percentage. 

There are three cases that usually arise in 
dealing with percentage, as follows: 

Case I— To find the percentage when the 
base and rate are known. 

EXAMPLE: What number is 6% of 50 ? 



1. 0.65% 3. 36.3% 

2. 125% 4. 75% 



5. 700% Case n— To find the rate when the base and 

6. 50% percentage are known. 



CHANGING A PERCENT 
TO A DECIMAL 

Since we do not compute with numbers in the 
percent form, it is often necessary to change a 
percent back to the decimal form. The proce- 
dure is just opposite to that used in changing 
decimals to percents: To change a percent to a 
decimal, drop the percent sign and divide the 
number by 100. Mechanically, the decimal 
point is simply shifted two places to the left 
and the percent sign is dropped. For example, 
25 percent is tue same as the decimal 0.25. 
Percents larger than 100 percent are changed 
to decimals by the same procedure as ordinary 
percents. For example, 125 percent is equiva- 
lent to 1.25. 

Practice problems. Change the following 
percents to decimals: 

1* 2.5% 3. 125% 5. 5|% 

6. 9j% 
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EXAMPLE: 20 is what percent of 60? 

Case HI— To find the base when the percent- 
age and rate are known. 

EXAMPLE: The number 5 is 25% of what 

number ? 

Case I 

In the example 

6% of 50 = ? 

the "of" has the same meaning as it does in 
fractional examples, such as 

j of 16 = ? 

hi other words, "of" means to multiply. Thus, 
to find the percentage, multiply the base by the 
rate. Of course the rate must be changed from 
a percent to a decimal before multiplying can 
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2. 0.63% 



4. 25% 
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be done. Rate times base equals percentage. 
Thus, 

6% of 50 = ? 

0.06 x 50 = 3 

The number that is 6% jf 50 is 3. 

FRACTIONAL PERCENTS. —A fractional 
percent represents a part of 1 percent. In a 
case such as :his, it is sometimes easier to 
find 1 percent of the number and then find the 
fractional part. For example, we would find 
1/4 percent of 840 as follows: 

1% of 840 = 0.01 x 840 

= 8.40 

Therefore, \% of 840 = 8.40 x \ 

= 2.10 

Case II 

To explain case II and case m, we notice in 
the foregoing example that the base corresponds 
to the multiplicand, the rate corresponds to the 
multiplier, and the percentage corresponds to 
the product. 

50 (base or multiplicand) 

.06 (rate or multiplier) 

3.00 (percentage or product) 

Recalling that the p? oduct divided by one of its 
factors gives the other factor, we can solve the 
following problem: 

?% of 60 = 20 

We are given the base (60) and percentage (20). 

60 (base) 

? (rate) 

20 (percentage) 

We then divide the product (percentage) by the 
multiplicand (base) to get the other factor (rate). 
Percentage divided by base equals rate. The 
rate is found as follows: 

20 _ 1 
60 " 3 




= 33~% (rate) 



The rule for case n, as illustrated in the 
foregoing problem, is as follows: To find the 
rate when the percentage and base are known, 
divide the percentage by the base. Write the 
quotient in the decimal form first, and finally 
as a percent. 

Case in 

The unknown factor in case HI is the base, 
and the rate and percentage are known. 

EXAMPLE: 25% of ? = 5 

? (base) 

.25 (rate) 

5.00 (percentage) 

We divide the product by its known factor to 
find the other factor. Percentage divided by 
rate equals base. Thus, 

= 20 (base) 

Tne rule for case HI may be stated as follows: 
To find the base when the rate and percentage 
are known, divide the percentage by the rate. 

Practice problems. In each of the following 
problems, first determine which case is in- 
volved; then find the answer. 

1. What is |% of 740? 

2. 7.5% of 2.75 = ? 

3. 8 is 2% of what number? 

4. ?% of 18 = 15. 

5. 12% of ? = 12. 

6. 8 is what percent of 32? 

Answers: 

1. Case I; 5.55 

2. Case I; 0.20625 

3. Case m; 400 

4. Case II; 83j% 

5. Case III; 100 

6. Case II; 25% 
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PRINCIPLES OF MEASUREMENT 

Computation with decimals frequently in- 
volves the addition or subtraction of numbers 
which do not have the same number of decimal 
places. For example, we may be asked to add 
such numbers as 4.1 and 32.31582. How should 
they be added? Should zeros be annexed to 4.1 
until it is of the same order as the other deci- 
mal (to the same number of places)? Or, should 
.31582 be rounded off to tenths? Would the sum 
be accurate to tenths or hundred-thousandths? 
The answers to these questions depend on how 
the numbers orignially arise. 

Some decimals are finite or are considered 
as such because of their use. For instance, the 

decimal that represents that is 0.5, is as 

accurate at 0.5 as it is at 0.5000. Likewise, 

the decimal that represents ^ has the value 

0.125 and could be written j- 1 st as accurately 
with additional end zeros. Such numbers are 
said to be finite. Counting numbers are finite. 
Dollars and cents are examples of finite values. 
Thus, $10.25 and $5.00 are finite values. 

To add the decimals that represent ^ and 

it is not necessary to round off 0.125 to tenths. 
Thus, 0.5 + 0.125 is added as follows: 

0.500 

0.125 

0.625 

Notice that the end zeros were added to 0.5 to 
carry it out the same number of places as 0.125. 
It is not necessary to write such place -holding 
zeros if the figures aro kept in the correct col- 
umns and decimal points are alined. Decimals 
that have a definite fixed value may be added or 
subtracted although they are of different order. 

On the other hand, if the numbers result 
from measurement of some kind, then the ques- 
tion of how much to round off must be decided 
in terms of the precision and accuracy of the 
measurements. 

ESTIMATION 

Suppose that two numbers to be added re- 
sulted from measurement. Let us say that one 
number was measured with a ruler marked off 
in tenths of an inch and was found, to the near- 
est tenth of an inch, to be 2.3 inches. The other 



number measured with a precision rule was 
found, to the nearest thousandth of an inch, to 
be 1.426 inches. 

Each of these measurements requires esti- 
mation between marks on the rule, and estima- 
tion between marks on any measuring instru- 
ment is subject to human error. Experience 
has shown that the best the average person can 
do with consistency is to decide whether a 
measurement is more or less than aalfway be- 
tween marks. The correct way to state this 
fact mathematically is to say that a measure- 
ment made with an instrument marked off in 
tenths of an inch involves a maximum probable 
error of 0.05 inch (five hundredths is one -half 
of one tenth). By the same reasoning, the prob- 
able error in a measurement made with an in- 
strument marked in thousandths of an inch is 
0.0005 inch. 

PRECISION 

In general, the probable error in any meas- 
urement is one -half the size of the smallest 
division on the measuring instrument. Thus 
the precision of a measurement depends upon 
how precisely the instrument is marked. It is 
important to realize that precision refers to 
the size of the smallest division on the scale; it 
has nothing to do with the accuracy (correct- 
ness) of the markings. In other words, to say 
that one instrument is more precise than an- 
other does not imply that the less precise in- 
strument is poorly manufactured. In fact, it 
would be possible to make an instrument with 
very high apparent precision, and yet mark it 
carelessly so that measurements taken with it 
would be inaccurate. 

From the mathematical standpoint, the pre- 
cision of a number resulting from measurement 
depends upon the number of decimal places; 
that is, a larger number of decimal places 
means a smaller probable error. In 2.3 inches 
the probable error is 0.05 inch, since 2.3 actu- 
ally lies somewhere between 2.25 and 2.35. In 
1.426 inches there is a much smaller probable 
error of 0.0005 inch. If we add 2.300 + 1.426 
and get an answer in thousandths, the answer, 
3.726 inches, would appear to be precise to 
thousandths; but this is not true since there 
was a probable error of .05 in one of the ad- 
dends. Also 2.300 appears to be precise to 
thousandths but in this example it is precise 
only to tenths. It is evident that the precision 
of a sum is no greater than the precision of the 
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least precise addend. It can also be shown that 
the precision of a difference is no greater than 
the less precise number compared. 

To add or subtract numbers of different or- 
ders, all numbers should first be rounded off to 
the order of the least precise number. In the 
foregoing example, 1.426 should be rounded to 
tenths— that is, 1.4. 

This rule also applies to repeating decimals. 
Since it is possible to round off a repeating 
decimal at any desired point, the degree of pre- 
cision desired should be determined and all re- 
peating decimals to be added should be rounded 
to this level. Thus, to add the decimals gener- 



12 5 

ated by j, -g, and correct to thousandths, 



first round off each decimal to thousandths, and 
then add, as follows: 



.333 

.617 

.417 

1.417 

When a common fraction is used in recording 
the results of measurement, the denominator of 
the fraction indicates the degree of precision. 
For example, a ruler marked in sixty -fourths 
of an inch ' as much smaller divisions than one 
marked in fourths of an inch. Therefore a 

4 

measurement of 3g^ inches is more precise 

than a measure of 3^- inches, even though the 
two fractions are numerically equal. Remember 

that a measurement of 3^ inches contains a 

64 

probable error of only one -half of one sixty - 
fourth of an inch. On the other hand, if the 
smallest division on the ruler is one -fourth of 

an inch, then a measurement of 3^- inches con- 
tains a probable error of one -eighth of an inch. 



ACCURACY 

Even though a number may be very precise , 
which indicates that it was measured with an 
instrument having closely spaced divisions, it 
may not be very accurate. The accuracy of a 
measurement depends upon the relative size of 
the probable error when compared with the 
quantity being measured. For example, a dis- 
tance of 25 yards on a pistol range may be 



measured carefully enough to be correct to the 
nearest inch. Since there are 900 inches in 25 
yards, this measurement is between 899.5 
inches and 900.5 inches. When compared with 
the total of 900 inches, the 0.5 -inch probable 
error is not very great. 

On the other hand, a length of pipe may be 
measured rather precisely and found to be 3.2 
inches long. The probable error here is 0.05 
inch, and this measurement is thus more pre- 
cise than that of the pistol range mentioned be- 
fore. To compare the accuracy of the two meas- 
urements, we note that 0.05 inch out of a total 
of 3.2 inches is the same as 0.5 inch out of 32 
inches. Comparing this with the figure obtained 
in the other example (0.5 inch out of 900), we 
conclude that the more precise measurement is 
actually the less accurate of the two measure- 
ments considered. 

It is important to realize that the location of 
the decimal point has no bearing on the accu- 
racy of the number. For example, 1.25 dollars 
represents exactly the same amount of money 
as 125 cents. These are equally accurate ways 
of representing the same quantity, despite the 
fact that the decimal point is placed differently. 

Practice problems. In each of the following 
problems, determine which number of each pair 
is more accurate and which is more precise: 

1. 3.72 inches or 2,417 feet 

2. 2.5 inches or 17.5 inches 

3 7 

3. 5t inches or 12 „ inches 

4 o 

4. 34.2 seconds or 13 seconds 
Answers: 

1. 3.72 inches is more precise. 

2,417 feet is more accurate. 

2. The numbers are equally precise. 

17.5 inches is more accurate. 

7 

3. 12s- inches is more precise and more accu- 

O 

rate. 

4. 34.2 seconds is more precise and more ac- 
curate. 

Percent of Error 

The accuracy of a measurement is deter- 
mined by the RELATIVE ERROR. The relative 
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error is the ratio between the probable error 
and the quantity being measured. This ratio is 
simply the fraction formed by using the prob- 
able error as the numerator and the measure- 
ment itself as the denominator. For example, 
suppose that a metal plate is found to be 5.4 
inches long, correct to the nearest tenth of an 
inch. The maximum probable error is live 
hundredths of an inch (one-half of one tenth of 
an inch) and the relative error is found as 
follows: 

probable error _ 0,05 
measured value 5.4 

5 

* 540 

Thus the relative error is 5 parts out of 540. 

Relative error is usually expressed as PER- 
CENT OF ERROR. When the denominator of 
the fraction expressing the error ratio is di- 
vided into the numerators decimal is obtained. 
This decimal, converted to percent, gives the 
percent of error. For example, the error in 
the foregoing problem could be stated as 0.93 
percent, since the ratio 5/540 reduces to 0.0093 
(rounded off) in decimal form. 

Significant Digits 

The accuracy of a measurement is often de- 
scribed in terms of the number of significant 
digits used in expressing it. If the digits of a 
number resulting from measurement are exam- 
ined one by one, beginning with the left-hand 
digit, the first digit that is not 0 is the first 
significant digit. For example, 2345 has four 
significant digits and 0.023 has only two sig- 
nificant digits. 

The digits 2 and 3 in a measurement such as 

0.023 inch signify how many thousandths of an 
inch comprise the measurement. The 0*s are 
of no significance in specifying the number of 
thousandths in the measurement; their presence 
is required only as ’’place holders” in placing 
the decimal point. 

A rule that is often used states that the sig- 
nificant digits in a number begin with the first 
nonzero digit (counting from left to right) and 
end with the last digit. This implies that 0 can 
be a significant digit if it is not tht \rst digit 
in the number. For example, 0.205 inch is a 
measurement having three significant digits. 
The 0 between the 2 and the 5 is significant 



because it is a part of the number specifying 
how many thousandths are in the measurement. 

The rule stated in the foregoing paragraph 
fails to classify final 0’s cn the right. For ex- 
ample, in a number such as 4,700, the number 
of significant digits might be two, three, or 
four. If the 0’s merely locate the decimal point 
(that is, if they show the number to be approxi- 
mately forty- seven hundred rather than forty 
seven), then the number of significant digits is 
two. However, if the number 4,700 represents 
a number such as 4,703 rounded off to the near- 
est hundred, there are three significant digits. 
The last 0 merely locates the decimal point. If 
the number 4,700 represents a number such as 
4,700.4 rounded off, then the number of signifi- 
cant digits is four. 

Unless we know how a particular number 
was measured, it is sometimes impossible to 
determine whether right-hand 0’s are the result 
of rounding off. However, in a practical situa- 
tion it is normally possible to obtain informa- 
tion concerning the instruments used and the 
degree of precision of the original data before 
any rounding was done. 

In a number such as 49 ?0 inches, it is rea- 
sonable to assume that the 0 in the hundredths 
place would not have been recorded at all if it 
were not significant. In other words, the in- 
strument used for the measurement can be read 
to the nearest hundredth of an inch. The 0 on 
the right is thus significant. This conclusion 
can be reached another way by observing that 
the 0 in 49.30 is not needed as a place holder in 
placing the decimal point. Therefore its pres- 
ence must have some other significance. 

The facts concerning significant digits may 
be summarized as follows: 

1. Digits other than Oare always significant. 

2. Zero is significant when it falls between 
significant digits. 

3. Any final 0 to the right of the decimal 
point i3 significant. 

4. When a 0 is present only as a place 
holder for locating the decimal point, it is not 
significant. 

5. The following categories comprise the 
significant digits of any measurement number: 

a. The first nonzero left-hand digit is 
significant. 

b. The digit which indicates the precision 
of the number is significant. This is the digit 
farthest to the right, except when the right-hand 
digit is 0. If it is 0, it may be only a place 
holder when the number is an integer. 
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c. All digits between significant digits 
are significant. 

Practice problems. Determine the percent 
of error and the number of significant digits in 
each of the following measurements: 

1. 5.4 feet 3. 4.17 sec 

2. 0.00042 inch 4. 147.50 miles 



Answers: 

1. Percent of error. 0.93% 
Significant digits: 2 

2. Percent of error: 1.19% 
Significant digits: 2 

3. Percent of error: 0.12% 
Significant digits: 3 

4. Percent of error: 0.0034% 
Significant digits: 5 



CALCULATING WITH 
APPROXIMATE NUMBERS 



The concepts of precision and accuracy form 
the basis for the rules which govern calculation 
with approximate numbers (numbers resulting 
from measurement). 



Addition and Subtraction 



as these appear to have more significant digits 
than the original measurements from which they 
came, giving the false impression of greater 
accuracy than is justified. In order to correct 
this situation, the following rule is used: 

In order to multiply or divide two approxi- 
mate numbers having an equal number of sig- 
nificant digits, round the answer to the same 
number of significant digits as are shown in the 
original data. If one of the original factors has 
more significant digits than the other, round 
the more accurate number before multiplying. 
It should be rounded to one more significant 
digit than appears in the less accurate number; 
the extra digit protects the answer from the 
effects of multiple rounding. After performing 
the multiplication or division, round the result 
to the same number of significant digits as 
are shown in the less accurate of the original 
factors. 

Practice problems: 

1. Find the sum of the s’.des of a triangle in 
which the lengths of the three sides are as 
follows: 2.5 inches, 3.72 inches, and 4.996 
inches. 

2. Find the product of the length and width of a 
rectangle which is 2.95 feet long and 0.9046 
foot wide. 



A sum or difference can never be more pre- 
cise than the least precise number in the cal- 
culation. Therefore, before adding or sub- 
tracting approximate numbers, they should be 
rounded to the same degree of precision. The 
more precise numbers are all rounded to the 
precision of the least precise number in the 
group to be combined. For example, the num- 
bers 2.95, 32.7, and 1.414 would be rounded to 
tenths before adding as follows: 

3.0 

32.7 

1.4 

Multiplication and Division 

When two numbers are multiplied, the result 
often has several more digits than either of the 
original factors. Division also frequently pro- 
duces more digits in the quotient than the orig- 
inal data possessed, if the division is ’'carried 
out” to several decimal places. Results such 



Answers: 

1. 11.2 inches 

2. 2.67 square feet 

MICROMETERS AND VERNIERS 

Closely associated with the study of deci- 
mals is a measuring instrument known as a 
micrometer. The ordinary micrometer is ca- 
pable of measuring accurately to one -thousandth 
of an inch. One -thousandth of an inch is about 
the thickness of a human hair or a thin sheet of 
paper. The parts of a micrometer are shown 
in figure 6-1. 

MICROMETER SCALES 

The spindle and the thimble move together. 
The end of the spindle (hidden from view in 
figure 6-1) is a screw with 40 threads per inch. 
Consequently, one complete turn of the tnimble 
moves the spindle one -fortieth of an inch or 
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THIMBLE RATCHET STOP 




(B) 

Figure 6-1.— (A) Parts of a micrometer; 
(B) micrometer scales. 



parts of the measurement as read on the scales 
and then to add them. For example, in figure 
6-1 (B) there are two major divisions visible 
(0.2 inch). One minor division is showing 
clearly (0.025 inch). The marking on the thimble 
nearest the horizontal or index line of the sleeve 
is the second marking (0.002 inch). Adding 
these parts, we have 

0.200 

0.025 

0.002 

0.227 

Thus, the reading is 0.227 inch. As explained 
previously, this is read verbally as "two hun- 
dred twenty-seven thousandths." A more skill- 
ful method of reading the scales is to read all 
digits as thousandths directly and to do any 
adding mentally. Thus, we read the major divi- 
sion on the scale as "two hundred thousandths" 
and the minor division is added on mentally. 
The mental process for the above setting then 
would be "two hundred twenty -five; two hundred 
twenty-seven thousandths." 

Practice problems: 

1. Read each of the micrometer settings shown 
in figure 6-2. 



0.025 inch since 



40 



is equal to 0.025. 



The 



sleeve has 40 markings to the inch. Thus each 
space between the markings on the sleeve is 
also 0.025 inch. Since 4 such spaces are 0.1 
inch (that is, 4 x 0.025), every fourth mark is 
labeled in tenths of an inch for con*, mience in 
reading. Thus. 4 marks equal 0.1 inch, 8 marks 
equal 0.2 inch, 12 marks equal 0.3 inch, etc. 

To enable measurement of a partial turn, 
the beveled edge of the thimble is divided into 
25 equal parts. Thus each marking on the 



thimble is ^ of a complete turn, or ^ of ~ 



of an inch. Multiplying ^ times 0.025 inch, we 



find that each marking on the thimble repre 
sert ; 0 001 inch. 



HEALING THE MICROMETER 

It is sometimes convenient when learning to 
read a micrometer to writedown the component 




Figure 6-2.— Micrometer settings. 
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Answers: 






1. (A) 0.750 


(F) 


0.009 


(B) 0.201 


(G) 


0.662 


(C) 0.655 


(H) 


0.048 


(D) 0.075 

(E) 0.527 


(I) 


0.526 



VERNIER 

Sometimes the marking on the thimble of the 
micrometer does not fall directly on the index 
line of the sleeve. To make possible readings 
even smaller than thousandths, an ingenious 
device is introduced in the form of an additional 
scale. This scale, called a VERNIER, was 
named after its inventor, Pierre Vernier. The 
vernier makes possible accurate readings to 
the ten-thousandth of an inch. 

Principle of the Vernier 



Each vernier space is inch smaller than a 
ruler space. 

As an example of the use of the vernier 
scale , suppose that we are measuring the steel 
bar shown in figure 6-4. The end of the bar 
almost reaches the 3 -inch mark on the ruler, 
and we estimate that it is about halfway between 
2.9 inches and 3.0 inches. The vernier marks 
help us to decide whether the exact measure- 
ment is 2.94 inches, 2.95 inches, or 2.96 inches. 




DECIMAL RULER (ENLARGED) 




Figure 6-4.— Measuring with a vernier. 



Suppose a ruler has markings every tenth of 
an inch but it is desired to read accurately to 
hundredths. A separate, freely sliding vernier 
scale (fig. 6-3) is added to the ruler. It has 10 
markings on it that take up the same distance 
as 9 markings on the ruler scale. Thus, each 

19 9 

space on the vernier is j^-of j-Q inch, or 

inch. How much smaller is a space on the ver- 
nier than a space on the ruler? The ruler 

space is inch, or ^ inch, and the vernier 

space is ^ inch. The vernier space is smaller 

by the difference between these two numbers, 
as follows: 

10 _9 L 

100 " 100 ~ 100 



DECIMAL RULER (ENLARGED) 
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The 0 on the vernier scale is spaced the 
distance of exactly one ruler mark (in this case, 
one tenth of an inch) from the left hand end of 
the vernier. Therefore the 0 is at a position 
between ruler marks which is comparable to 
the position of the end of the bar. In other 
words, the 0 on the vernier is about halfway 
between tw<_ adjacent marks on the ruler, just 
as the end of the bar is about halfway between 
two adjacent marks. The 1 on the vernier scale 
is a little closer to alinement with an adjacent 
ruler mark; in fact, it is one hundredth of an 
inch closer to alinement than the 0. This is 
because each space on the vernier is one hun- 
dredth of an inch shorter than each space on 
the ruler. 

Each successive mark on the vernier scale 
is one hundredth >f an inch closer to alinement 
than the preceding mark, until finally alinement 
is achieved at the 5 mark. This means that the 
0 on the vernier must be five hundredths of an 
inch from the nearest ruler mark, since five 
increments, each one hundredth of an inch in 
size, were used before a mark was found in 
alinement. 

We conclude that the end of the bar is five 
hundredths of an inch from the 2.9 mark on the 
ruler, since its position between marks is ex- 
actly comparable to that of the 0 on the vernier 
scale. Thus the value of our measurement is 
2.95 inches. 
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Figure 6-3.— Vernier scale. 
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The foregoing example could be followed 
through for any distance between markings. 
Suppose the 0 mark fell seven tenths of the dis- 
tance between ruler markings. It would take 
seven vernier markings, a loss of one -hundredth 
of an inch each time, to bring the marks in line 
at 7 on the vernier. 

The vernier principle may be used tc get 
fine linear readings, angular readings, etc. 
The principle is always the same. The vernier 
has one more marking than the number of mark- 
ings on an equal space of the conventional scale 
of the measuring instrument. For example, the 
vernier caliper (fig. 6-5) has 25 markings on 
the vernier for 24 on the caliper scale. The 
caliper is marked off to read to fortieths (0.025) 
of an inch, and the vernier extends the accuracy 
to a thousandth of an inch. 




Figure 6- 5. —A vernier caliper. 



Vernier Micrometar 

By adding a vernier to the micrometer, it is 
possible to read accurately to one ten-thousandth 
of an inch. The vernier markings are on the 
sleeve of the micrometer and are parallel to 
the thimble markings. There are 10 divisions 
on the vernier that occupy the same space as 9 
divisions on the thimble. Since a thimble space 
is one thousandth of an inch, a vernier space is 

io of iooo inch> or ioooo inch * is ioooo 111011 

less than a thimble space. Thus, as in the pre- 
ceding explanation of verniers, it is possible to 
read the nearest ten-thousandth of an inch by 
reading the vernier digit whose marking coin- 
cides with a thimble marking. 

In figure 6-6 (A), the last major division 
showing fully on the sleeve index is 3. The 
third minor division is the last mark clearly 



showing (0.075). The thimble division nearest 
and below the index is the 8 (0.008). The ver- 
nier marking that matches a thimble marking 
is the fourth (0.0004). Adding them all together, 
we have, 



0.3000 

0.0750 

0.0080 

0.0004 

0.3834 

The reading is 0.3834 inch. With practice these 
readings can be made directly from the microm- 
eter, without writing the partial readings. 
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Figure 6-6.— Vernier micrometer settings. 
Practice problems: 

1. Read the micrometer settings in figure 6-6. 



Answers: 

1. (A) See the foregoing example. 

(B) 0.1539 (E) 0.4690 

(C) 0.2507 (F) 0.0552 

(D) 0.2500 
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CHAPTER 7 

EXPONENTS AND RADICALS 



The operation of raising a number to a power 
is a special case of multiplication in which the 
factors are all equal. In exa mples such as 
4 2 - 4 x 4 = 16 and 5 3 = 5x5x5 = 125, the 
number 16 is the second power of 4 and the 
number 125 is the third power of 5. The ex- 
pression 5 3 means that three 5's are to be mul- 
tiplied together. Similarly, 4 2 means 4x4. 
The first power of any number is the number 
itseli. The power is the number of times the 
number itself is to be taken as a factor. 

The process of finding a root is the inverse 
of raising a number to a power. A root is a 
special factor of a number, such as 4 in the 
expression 4 2 = 16. When a number is taken 
as a factor two times, as in the expression 
4 x 4 = 16. it is called a square root. Thus, 4 
is a square root of 16. By the same reasoning, 

2 is a cube root of 8, since 2x2x2 is equal 
to 8. This relationship is usually written as 
2 3 = 8 . 

POWERS AND ROOTS 

A power of a number is indicated by an EX- 
PONENT, which is a number in small print 
placed to the right and toward the top of the 
number. Thus, in 4 3 = 64, the number 3 is the 
EXPONENT of the number 4. The exponent 3 
indicates that the number 4, called the BASE, 
is to be raised to its third power. The expres- 
sion is read M 4 to the third power (or 4 cubed) 
equals 64." Similarly, 5 2 = 25 is read "5 to the 
secondpower (or 5 squared) equals 25." Higher 
powers are read according to the degree indi- 
cated; for example, "fourth power," "fifth 
power," etc. 

When an exponent occurs, it must always be 
written unless its value is 1. The exponent 1 
usually is not written, but is understood. For 
example, the number 5 is actually 5 \ When we 
work with exponents, it is important to remem- 
ber that any number that has no written expo- 
nent really has an exponent equal to 1. 

A root of a number can be indicated by plac- 
ing a radical sign, >f, over the number and 
showing the root by placing a small number 



within the notch of the radical sign. Thus, 'fM 
indicates the cube root of 64, and ^2 indicates 
the fifth root of 32. The number that indicates 
the root is called the INDEX of the root. In the 
case of the square root, the index, 2, usually is 
not shown. When a radical has no index, the 
square root is understood to be the one desired. 
For example, ^36 indicates the square root of 
36. The line above the number whose root is to 
be found is a symbol of grouping called the vin- 
culum. When the radical symbol is used, a vin- 
culum, long enough to extend over the entire 
expression whose root is to be found, should be 



attached. 

Practice problems. Raise to the 
power or find the root indicated. 


indicated 


1. 2 3 2. 6 2 


3. 4 3 


4. 25 3 


5. sT 16 6. \ ,r 8 


7. 3TI25 


8. V32 


Answers: 






1. 8 2. 36 


3. 64 


4. 15,625 


5. 4 6. 2 


7. 5 


8. 2 



NEGATIVE INTEGERS 

Raising to a power is multiplication in which 
all the numbers being multiplied together are 
equal. The sign of the product is determined, 
as in ordinary multiplication, by the number of 
minus signs. The number of minus signs is odd 
or even, depending on whether the exponent of 
the power is odd or even. For example, in the 
problem 

(.2) 3 = (-2) (-2) (-2) = -8 

there are three minus signs. The result is 
negative. In 

(-2) 6 = 64 

there are six minus signs. The result is posi- 
tive. 
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Thus, when the exponent of a negative num- 
ber is odd, the power is negative; when the ex- 
ponent is even, the power is positive. 

As other examples, consider the following: 



Since a minus sign can occupy any one of 
three locations in a fraction, notice that evalu- 
ating ^ j is equivalent to 



(-3) 4 = 81 




(- 2) 8 = 256 
(- 1) 5 - -1 



Positive and negative numbers belong to the 
class called REAL NUMBERS. The square of a 
real number is positive. For example, (-7) 2 = 49 
and 7 2 = 49. The expression (-7) 2 is read 
"minus seven squared.” Note that either seven 
squared or minus seven squared gives us +49. 
We cannot obtain -49 or any other negative 
number by squaring any real number, positive 
or negative. 

Since there is no real number whose square 
is a negative number, it is sometimes said that 
the square root of a negative number does not 
exist. However, an expression under a square 
root sign may take on negative values. While 
the square root of a negative number cannot 
actually be found, it can be indicated. 

The indicated square root of a negative num- 
ber is caUed an IMAGINARY NUMBER. The 
number * v /-7 , for example, is said to be imagi- 
nary. It is read "square root of minus seven." 
Imaginary numbers are discussed in chapter 15 
of this course. 

FRACTIONS 




The process of taking a root of a number is 
the inverse of the process of raising the num- 
ber to a power, and the method of taking the 
root of a fraction is similar. We may simply 
take the root of each term separately and write 
the result as a fraction. Consider the following 
examples: 




Practice problems, 
indicated operations: 




Answers: 

1. 1/9 2. 9/16 

5. 4/6 6. 4/5 



nT36 6 
\PtS 7 

Jjl i 

nTIM 5 

Find the values for. the 




3. 36/25 4. 8/27 

7. 2/3 8. 3/7 



We recall that the exponent of a number tells 
the number of times that the number is to be 
taken as a factor. A fraction is raised to a 
power by raising the numerator and the denom- 
inator separately tc the power indicated. The 

expression means is used twice as a 

factor. Thus, 




DECIMALS 

When a decimal is raised to a power, the 
number of decimal places in the result is equal 
to the number of places in the decimal multi- 
plied by the exponent. For example, consider 
(0.12) 3 . There are two decimal places in 0.12 
and 3 is the exponent. Therefore, the number 
of places in the power will be 3(2) = 6. The re- 
sult is as follows: 

(0.12) 3 = 0.001728 

The truth of this rule is evident when we re- 
call the rule for multiplying decimals. Part of 
the rule states: Mark off as many decimal 
places in the product as there are decimal 
places in the factors together. If we carry out 
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the multiplication, (0.12) x (0.12) x (0.12), it is 
obvious that there are six decimal places in the 
three factors together. The rule can be shown 
for any decimal raised to any power by simply 
carrying out the multiplication indicated by the 
exponent. 

Consider these examples: 

(1.4) 2 = 1.96 
(0.12) 2 = 0.0144 
(0.4) 3 = 0.064 
(0.02) 2 = 0.0004 
(0.2) 2 = 0.04 

Finding a root of a number is the inverse of 
raising a number to a power. To determine the 
number of decimal places in the root of a per- 
fect power, we divide the number of decimal 
places in the radicand by the index of the root. 
Notice that this is just the opposite of what was 
done in raisin g a num ber to a power. 

Consider 0.0625. The square root of 625 
is 25. There are four decimal places in the 
radicand, 0.0625, and the index of the root is 2. 
Therefore, 4 + 2 = 2 is the number of decimal 
places in the root. We have 

\^0625 = 0.25 



4 3 x 4 2 = ? 

Recalling that 4 3 means 4x4x4 and 4 2 means 
4 x 4, we see that 4 is used as a factor five 
times. Therefore 4 3 x 4 2 is the same as 4 . 
This result could be written as follows: 

4 3 x 4 2 = 4x4x4x4x4 
= 4 s 

Notice that three of the five 4’s came from 
the expression 4 3 , and the other two 4's came 
from the expression 4 2 . Thus we may rewrite 
the problem as follows: 

4 3 x 4 2 = 4< 3+2) 

= 4 s 

The law of exponents for multiplication may 
be stated as follows: To multiply two or more 
powers having the same base, add the exponents 
and raise the common base to the sum of the 
exponents. This law is further illustrated by 
the following examples: 

2 3 x 2 4 = 2 7 

3 x 3 2 = 3 3 

15 4 x 15 2 = 15 6 

10 2 x 10 0 5 = 10 2,5 



Similarly, 

•\TL69 = 1.3 
ll 0.027 = 0.3 
n/T.728 = 1.2 

tyo.oooi = o.i 

LAWS OF EXPONENTS 

All of the laws of exponents may be devel- 
oped directly from the definition of exponents. 
Separate laws are stated for the following five 
cases: 

1. Multiplication. 

2. Division. 

3. Power of a power. 

4. Power of a product. 

5. Power of quotient. 

MULTIPLICATION 

To illustrate the law of multiplication, we 
examine the following problem: 



Common Errors 

It is important to realize that the base must 
be the same for each factor, in order to apply 
the laws of exponents. For example, 2 x 3 is 
neither 2 s nor 3 s . There is no way to apply the 
law of exponents to a problem of this kind. An- 
other common mistake is to multiply the bases 
together. For example, this kind of error in 
the foregoing problem would imply that 2x3 
is equivalent to 6 s , or 7776. The error of this 
may be proved as follows: 

2 3 x 3 2 = 8 x 9 
= 72 



DIVISION 

The law of exponents for division may be 
ieve loped from the following example : 

t*. 



6 



6 s = 



gx<jxgx£xjjx6x6 
0x0xj8x0xjB 



= 6 
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Cancellation of the five 6 ’s in the divisor w*th 
five of the 6 ’s in the dividend leaves only two 
6 ’s, the product of which is 6 2 . 

This result can be reached directly by noting 
that 6 2 is equivalent to 6 (7 ~ 5) . In other words, 
we have the following: 

6 7 * 6 s - 6 (7 ~ 5) 

= 6 2 

Therefore the law of exponents for division is 
as follows: To divide one power into another 
having the same base, subtract the exponent of 
the divisor from the exponent of the dividend. 
Use the number resulting from this subtraction 
as the exponent of the base in the quotient. 

Use of this rule sometimes produces a neg- 
ative exponent or an exponent whose value is 0 . 
These two special types of exponents are dis- 
cussed later in this chapter. 

POWER OF A POWER 

Consider the example (3 2 ) 4 . Remembering 
that an exponent shows the number of times the 
base is to be taken as a factor and noting in 
this case that 3 2 is considered the base, we 
have 

(3 2 ) 4 = 3 2 • 3 2 • 3 2 • 3 2 

Also in multiplication we add exponents. Thus, 

3 2 • 3 2 • 3 2 • 3 2 = 3 ( 2 +2 + 2 4 2 > = 38 

Therefore, 

(3 2 ) 4 = 3 (4 “ 2) 

= 3 s 

The laws of exponents for the power of a 
power may be stated as follows: To find the 

power of a power, multiply the exponents. It 
should be noted that this case is the only one in 
which multiplication of exponents is performed. 

POWER OF A PRODUCT 

Consider the example (3 • 2 • 5) 3 . We know 
that 

(3 • 2 • t ;) 3 = (3 • % - 5) (3 - 2 • 5)(3 . 2 * 5 ) 



Thus 3, 2, and 5 appear three times each as 
factors, and we can show mis with exponents as 
3 , 2 , and 5 3 . Therefore, 

(3 • 2 • 5) 3 = 3 3 • 2 3 • 5 3 

The law of exponents for the power of a 
product is as follows: The power of a product 
is equal to the product obtained when each of 
the original factorc is raised to the indicated 
power and the resulting powers arc multiplied 
together. 

POWER OF A QUOTIENT 

The law of exponents for a power of an indi- 
cated quotient may be developed from the fol- 
lowing example: 




2 - 2-2 

3-3-3 




The law is stated as fellows: The power of 
a quotient is equal to the quotient obtained when 
the dividend and divisor are each raised to the 
indicated power separately, before the division 
is performed. 

Practice problems. Raise each of the fol- 
lowing expressions to the indicated power: 




2. 3 5 + 3 2 4. (-3‘) 3 6. (3 • 2 • 7) 2 

Answers: 

1. 3 4 x 2 6 = 5,184 

2. 27 

*4 - j- 

125 

4. [(-3) 2 ] 3 = 729 

5. 25 

6. 9 • 4 - 49 = 1,764 
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SPECIAL EXPONENTS 

Thus far in this discussion of exponents, the 
mphasis has been on exponents which are posi- 
ive integers. There are two types of exponents 
vhich are not positive integers, and two which 
ire treated as special cases even though they 
nay be considered as positive integers. 

/'ERO AS AN EXPONENT 

Zero occurs as an exponent in the answer to 
i problem such as 4 3 * 4 3 . The law of expo- 
nents for division states that the exponents are 
; o be subtracted. This is illustrated as follows. 



Another way of expressing the result of 
dividing 4 3 by 4 3 is to use the fundamental 
axiom which states that any number divided by 
itself is 1. In order for the laws of exponents 
to hold true in all cases, this must also be true 
when any number raised to a power is divided 
by itself. Thus, 4 3 /4 3 must equal 1. 

Since 4 3 /4 3 has been shown to be equal to 
both 4° and 1, we are forced to the conclusion 
that 4° = 1. 

By the same reasoning, 




ONE AS AN EXPONENT 

The number 1 arises as an exponent some- 
times as a result of division. In the example 

e 3 

■— r we subtract the exponents to get 
5 ^ 

5 3 " 2 = 5 1 



This problem may be worked another way as 
follows: 




S - i • 5 
J 3 • % 



5 



Therefore, 

5 1 = 5 

We conclude that any number raised to the 
first power is the number itself. The exponent 
1 usually is not written but is understood to 

exist. 



NEGATIVE EXPONENTS 

If the law of exponents for division is ex- 
tended to include cases where the exponent of 
the denominator is larger, negative exponents 
arise. Thus, 




3 2-5 



- 3 



-3 



Also, 



Therefore, 

5° = 1 

Thus we see that any number divided by itself 
results in a 0 exponent and has a value of 1. 
By definition then, any number (other than zero) 
raised to the zero power equals 1. This is fur- 
ther illustrated in the following examples: 



3° = 1 
400° = 1 
0 . 02 ° = 1 




K3)° = i 



Another way of expressing this problem is as 
follows: 

3 2 % • % = -JL 

3* = £ . £ • 3-3-3 3 3 



Therefore, 




We conclude that a number N with a negative 
exponent is equivalent to a fraction having the 
following form: Its numerator is 1; its denomi- 
nator is N with a positive exponent whose abso- 
lute value is the same as the absolute value of 
the original exponent. In symbols, this rule 
may be stated as follows: 
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Also, 



N 



hr = N' 



The following examples further illustrate 
the rule: 



5~ 1 
6 " 2 
4” 12 



1 

5 



1 

415 



3 ^ = 3 

Notice that the sign of an exponent may be 
changed by merely moving the expression which 
contains the exponent to the other position in the 
fraction. The sign of the exponent is changed 
as this move is made. For example, 



IQ -2 



= 1 + 



= 1 x 



10 2 

10 2 
1 



Therefore, 



10 “ 



10 2 

1 



By using the foregoing relationship, a prob- 
lem such as 3 -5- 5“ 4 may be simplified as fol- 
lows: 

3 _ 3 1 

It* - 6 x jp* 

= 3xf 

= 3 x 5 4 

FRACTIONAL EXPONENTS 

Fractional exponents obey the same laws as 
do integral exponents. For example, 

4 1/2 x ^ 1/2 _ £( 1/2 + 1 / 2 ) 

_ ^2/2 

= 4 1 = 4 



o 
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Another way of expressing this would be 
4 1/2 x 4 1/2 _ (4I/2 j2 
_ 4(1/2 X 2) 

= 4 1 = 4 

Observe that the number 4 1/2 , when squared 
in the foregoing example, produced the number 
4 as an answer. Recalling that a square root of 
a number N is a number x such that x 2 = N, we 
conclude that 4 1/2 is equivalent to nT?’. Thus 
we have a definition, as follows: A fractional 
exponent of *he form 1/r indicates a root, the 
index of which is r. This is further illustrated 
in the following examples: 

2 1/2 = n/T 

4 173 = •3'T 



Also, 



6 2/3 = ( 6 1/3 ) 2 = (# 6) 2 



6 2/3 = ( 6 2 ) 1/3 = #36 



Notice that in an expression such as 8 2/3 we 
can either find the cube root of 8 first or square 
8 first, as shown by the following example: 



(8 1/3 ) s = 2 2 = 4 and (8 s ) 1/3 = ^64 = 4 

All the numbers in the evaluation of 8 2/3 
remain small if the cube root is found before 
raising the number to the second power. This 
order of operation is particularly desirable in 
evaluating a number like 64 s/6 . If 64 were first 
raised to the fifth power, a large number would 
result. It would require a great deal of unnec- 
essary effort to find the sixth root of 64 s . The 
result is obtained easily, if we write 



64 



5/6 . (64 i/.j> = 2 s = 32 



If an improper fraction occurs in an expo- 
nent, such as 7/3 in the expression 2 7/3 , it is 
customary to keep the fraction in that form 
rather than express it as a mixed number. In 
fraction form an exponent shows immediately 
what power is intended and what root is in- 
tended. However, 2 7/3 can be expressed in 
another form and simplified by changing the 
improper fraction to a mixed number and writ- 
ing the fractional part in the radical form as 
follows: 



, 7/3 



= 2 2 + 1/3 = 2 2 



, 1/3 



= 4 ?/T 
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The law of exponents for multiplication may 
be combined with the rule for fractional expo- 
nents to solve problems of the following type: 

PROBLEM: Evaluate the expression 4 2 - 5 . 

SOLUTION: 4 2 5 = 4 2 x 4 0,5 

= 16 x 4 1/2 
= 16 x 2 
= 32 

Practice problems: 

2 

1. Perform the indicated division: 2173 

2. Find the product: 7 2/5 x 7 1/10 x 7 3/1 ° 

3. Rewrite with a positive exponent and sim- 
plify: 9“ 1/2 

4. Evaluate 100 3/2 

5. Evaluate (8 0 ) 5 

Answers: 

1. 2 V3 * 2 1/3 = VT 

2. 7 8/10 

, 1 - i 

O. 9172 - 3 

4, 1,000 

5. 1 

SCIENTIFIC NOTATION 
AND POWERS OF 10 

Technicians, engineers, and others engaged 
in scientific work are often required to solve 
problems involving very large and very small 
numbers. Problems such as 

2Z.684 x 0.00189 
0.0713 x 83 x 7 

are not uncommon. Solving such problems by 
the rules of ordinary arithmetic is laborious 
and time consuming. Moreover, the tjdious 
arithmetic process lends itself to operational 
errors. Also there is difficulty in locating the 
decimal point in the result. These difficulties 
can be greatly reduced by a knowledge of the 
powers of 10 and their use. 



The laws of exponents form the basis for 
calculation using powers of 10. The following 
list includes several decimals and whole num- 
bers expressed as powers of 10: 



10,000 


= 


10 4 


1,000 


= 


10 3 


100 




10 2 


10 


= 


10 1 


1 


= 


© 

o 

H 


0.1 


= 


1 

o 

H 


0.01 


=r 


h-k 

O 

1 

to 


0.001 


= 


10“ 3 


0.0001 




1 

O 



The concept of scientific notation may be 
demonstrated as follows: 

60,000 = 6.0000 x 10,000 
= 6 x 10 4 
538 = 5.38 x 100 
= 5.38 x 10 2 

Notice that the final expression in each of 
the foregoing examples involves a number be- 
tween 1 and 10, multiplied by a power of 10. 
Furthermore, in each case the exponent of the 
power of 10 is a number equal to the number of 
digits between the new position of the decimal 
point and the original position (understood) of 
the decimal point. 

We apply this reasoning to write any number 
in scientific notation; that is, as a number be- 
tween 1 and 10 multiplied by the appropriate 
power of 10. The appropriate power of 10 is 
found by the following mechanical steps: 

1. Shift the decimal point to standard posi- 
tion, which is the position immediately to the 
right of the first nonzero digit. 

2. Count the number of digits between the 
new position of the decimal point and its origi- 
nal position. This number indicates the value 
of the exponent for the power of 10. 

3. If the decimal point is shifted to the left, 
the sign of the exponent of 10 is positive; if the 
decimal point is shifted to the right, the sign of 
the exponent is negative. 

The validity of this rule, for those cases in 
which the exponent of 10 is negative, is demon- 
strated as follows: 
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0.00657 = 6.57 x 0.001 
= 6.57 x 10~ 3 

0.348 = 3.48 x 0.1 
= 3.48 x 10“ x 

Further examples of the use of scientific 
notation are given as follows: 

543,000,000 = 5.43 x 10 8 

186 = 1.86 x 10 2 

243.01 = 2.4301 x 10 2 



5. 62,000 x 0.003 x 4,600 = ? 

62,000 = 6.2 x 10 4 

0.0003 = 3 x 10~ 4 
4,600 = 4.6 x 10 3 

Therefore, 

62,000 x 0.0003 x 4,600 = 6.2 x 3 
x 4.6 x 10 4 x 10~ 4 x 10 3 

= 85.56 x 10 3 

= 85,560 



0.0000007 = 7 x 10~ 7 
0.00023 = 2.3 x 10" 4 

Multiplication Using Powers of 10 



Practice problems. Multiply, using powers 
of 10. For the purposes of this exercise, treat 
all numbers as exact numbers: 

1. 10,000 x 0.001 x 100 



From the law of exponents for multiplication 
we recall that to multiply two or more powers 
to the same base we add their exponents. Thus, 

10 4 x 10 2 = 10 6 

We see that multiplying powers of 10 together 
is an application of the general rule. This is 
demonstrated in the following examples: 

1. 10,000 x 100 = 10 4 x 10 2 

= 10 4 + 2 
= 10 6 

2. 0.0000001 x 0.001 = 10" 7 x 10‘ 3 

= 10“ 7+ <~ 3 ) 

= 10" 10 

3. 10,000 x 0.001 = 10 4 x 10“ 3 

= 10 4-3 
= 10 

4. 23,000 x 500 = ? 

23,000 = 2.3 x 10 4 
500 = 5 x 10 2 

Therefore, 

23,000 x 500 = 2.3 x 10 4 x 5 x 10 2 
= 2.3 x 5 x 10 4 x 10 2 
= 11.5 x 10 6 
= 11,500,000 



2. 0.000350 x 5,000,000 x 0.0004 

3. 3,875 x 0.000032 x 3,000,000 

4. 7,000 x 0.015 x 1.78 

Answers: 

1. 1.0 x 10 3 

2. 7.0 x 10" 1 

3. 3.72 x 10 5 

4. 1.869 x 10 2 



Division Using Powers of 10 



The rule of exponents for division states 
that, for powers of the same base, the exponent 
of the denominator is subtracted from the ex- 
ponent of the numerator. Thus, 




10 7 “ 3 



= 10 



4 



It should be remembered that powers may 
be transferred from numerator to denominator 
or from denominator to numerator by simply 
changing the sign of the exponent. The follow- 
ing examples illustrate the use of this rule for 
powers of 10: 

1. 72,000 7.2 x 10 4 

0.0012 = 1.2 x 10“3 



= x 10 4 x 10 3 
= 6 x 10 7 
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